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Abstract

We address the problem of determining optimal ordering and pricing policies in a finite-horizon newsven-
dor model with unobservable lost sales. The demand distribution is price-dependent and involves un-
known parameters. We consider both the cases of perishable and non-perishable inventory. A very
general class of demand functions is studied in this paper. We derive the optimal ordering and pricing
policies as unique functions of the stocking factor (which is a linear transformation of the safety factor).
An important expression is obtained for the marginal expected value of information. As a consequence,
we show when lost sales are unobservable, with perishable inventory the optimal stocking factor is always
at least as large as the one given by the single-period model; whereas, if inventory is non-perishable,
this result holds only under a strong condition. This expression also helps to explain why the optimal
stocking factor of a period may not increase with the length of the problem. We compare this behavior
with that of a full information model. We further examine the implications of the results to the special
cases when demand uncertainty is described by additive and multiplicative models. For the additive
case, we show that if demand is censored, the optimal policy is to order more as well as charge higher
retail prices when compared to the policies in the single-period model and the full information model.

We also compare optimal and myopic policies for the additive and multiplicative models.

Key words: Inventory. Bayesian Markov decision processes. Unknown demand. Lost sales. Censoring.

Optimal policies. Myopic policies.



Recent procurement strategies such as Quick Response that are supported by innovations in supply
chain management practice provide opportunities for a retailer to order frequently over a product’s life
cycle. The option to place multiple orders not only allows the retailer to order a smaller order quantity
initially, but also it allows the retailer to use the history of sales to suitably revise and refine the demand
forecast so that orders more precisely mirror the retailer’s current knowledge of the uncertainty in
demand. In addition, the retailer can proactively adjust order quantities to enhance the rate of learning.
Such ordering decisions can influence and are influenced by the pricing strategy of the retailer.

It is the goal of this paper to characterize the optimal dynamic ordering and pricing policies of
a retailer whose uncertain demand is price-dependent with a very general functional form, and who
has the opportunity to learn from its history of sales. In particular, we consider an N-period discrete
time model in which at the start of each period, the retailer must determine the order quantity and
price before observing the random demand for that period. If demand is less than available inventory,
all demand is met. Demand in excess of available inventory is lost and unobserved. The demand
observation is therefore censored by the inventory level and the retailer records the sales but not the
demand in each period. In §2, we consider models in which leftover inventory is perishable, while the
case of non-perishable inventory is considered in §3. We explicitly assume that while the distribution
of demand is known some of its parameters are perceived as random variables with their own prior
distribution. Thus, the data allow our decision maker who is a newsvendor, since decisions are made
before observing demand, to use the sales history (with some censored demand observations) to update
the prior distribution using a Bayesian scheme.

The Bayesian approach has been used by Scarf (1959, 1960), Karlin (1960), Iglehart (1964), Mur-
ray and Silver (1966), Azoury (1985), and Lovejoy (1990) to study dynamic inventory problems with
observable demand. Inventory policy updating for censored demand is addressed by Harpaz, Lee and
Winkler (1982), Braden and Freimer (1991), Nahmias (1994), Agrawal and Smith (1996), Lariviere and

Porteus (1999), and Ding, Puterman and Bisi (2002). Adaptive inventory control for partially observed



systems has been studied by Lovejoy (1993), Treharne and Sox (2002), and the references thereof. All
these works assume that the retail price is fixed and set exogenously.

While the literature on joint stocking and pricing without demand learning is very extensive (see,
for example, the paper by Petruzzi and Dada 1999), the literature on simultaneous stocking and pricing
in the censored newsvendor model is scarce; representative papers include mainly those of Petruzzi and
Dada (2001, 2002). In the stream of existing literature, the perishable inventory version of our model
may be viewed as adding the pricing decisions to the problem considered by Ding, Puterman and Bisi
(2002). We adapt their Markovian decision process framework to show that the problem representation
can be reduced to determining the optimal values of z,,, the so called stocking factors. As explained by
Petruzzi and Dada (1999), in a single-period newsvendor setting, the stocking factor in each period is a
standardized transformation of the safety stock (the order quantity less the expected demand).

This transformation is then used to derive important identities for the marginal expected value of
information for the perishable inventory case (Theorem 1), and marginal expected value of leftover
inventory and information for the non-perishable inventory case (Theorem 2). These identities are then
used to explain the counter-intuitive result that z; (also z, in general) need not be non-decreasing
in N, the length of the problem; the latter result was first reported by Petruzzi and Dada (2002).
In particular, we explain that the nested property holds in the model of Petruzzi and Dada (2002)
because their distribution of demand, given the unknown parameter is degenerate (deterministic). We
further show that for a model with full information on demand, the optimal stocking factors are always
equal for different problem lengths when inventory is perishable; whereas, for the case of non-perishable
inventory, this result is true only under a strong condition. Analogous results hold also for the observable
lost sales models with either known or unknown demand distribution as these are special cases of our
full information model.

For both the perishable inventory and the non-perishable cases we also show that 1) z, > 2, the

stocking factor when demand rather than sales are observed. This extends to a generalized demand



model with N periods, a result previously proven by Dada and Petruzzi (2001) for an additive demand
model with two periods. And, we also show that 2) as in Ding, Puterman and Bisi (2002), for the
perishable inventory case, z, > 25V the myopic stocking factor which is a solution to the one period
problem faced by the newsvendor with the same information set. We further show that 3) for the case
of non-perishable inventory, z, > 22" holds only under a restrictive condition on the order placement.

We also derive the optimal ordering and pricing policies and their properties for additive and mul-
tiplicative models which are special cases of our general demand function. For the additive case, we
show that the optimal policy in the presence of censored demand is to order more from the supplier as
well as charge higher retail prices to the consumers than in either the single-period model and the full
information model. We find that the optimal policies in the additive model have identical structures for
both the cases of perishable and non-perishable inventory, but the structures are different in the case of
the multiplicative model. Finally, we draw comparisons between the optimal and myopic policies for the
additive and multiplicative demands.

As can be readily seen from the discussion above, one contribution of our paper is that it provides
a unified modeling structure by providing a formulation of the censored newsvendor problem with a
general price-dependent demand function that includes most of the limited number of published papers
on the censored newsvendor problem. In addition to structural results, we also make some technical
contributions since we are able to show that 1) the likelihood-ratio ordering assumption on the demand
distribution is not required in Ding, Puterman and Bisi (2002); and, 2) one of our results not only helps
to correct a condition in Petruzzi and Dada (2001) but also shows that their condition is not required.

The paper is organized as follows. In §1 we formulate the dynamic program for the censored newsven-
dor problem. Various properties of the optimal policies for perishable and non-perishable products are

established in §§2 and 3 respectively. In §4 we focus on additive and multiplicative demand models. §5

concludes the paper. Proofs of all the results are presented in the Appendix.



1 The Bayesian Censored Newsvendor Problem

We formulate a newsvendor model for a single product whose demand distribution is price-dependent
and involves unknown parameter(s). The objective of the newsvendor is to determine the joint pricing
and ordering policies in each period over a finite-horizon of N periods that mazimize the total expected
profit. After the pricing and ordering decisions are made at the beginning of each period, demand is
realized. If demand is less than the order quantity, sales = demand, and there is leftover inventory. If
demand exceeds the order quantity, sales = order quantity, and there is no leftover inventory. Demand
in excess of the order quantity is lost and unobserved. The demand observation is therefore censored by
the inventory level and the newsvendor observes the sales but not the demand in each period. Demand

in period n is modeled as (Young 1978)
Dn(rnaXn):dl(rn)+d2(rn)Xna n=12,...,N, (1)

where di(r,,) and do(r,,) are decreasing functions of the per unit retail price 7, da(r,) > 0, and X, is a
random variable that captures the uncertainty in the demand function. Equation (1) represents a broad
class of demands, including the case of exogenously set price. As particular examples we will consider
di(rn) = a —br, (@ > 0,b > 0) and da(r,) = 1, to model additive demand, and da(r,,) = ar,;® (a >
0,b > 1) and di(r,) = 0, to model multiplicative demand. We assume that the random variables
Xn,n=1,2,..., N, in different periods are independent and identically distributed (iid). In each period,
X, is generated by a probability distribution with known density f(:|0) and unknown parameter (or
vector of parameters) 8 with realization § € ©. In order to develop a common analytical procedure for
the general model represented by Equation (1) which captures both additive and multiplicative demands
as specific cases, we assume throughout this paper that X,, is non-negative. The analysis can be easily
modified to allow negative values of X,, that may arise in some additive demand models. The costs for
the newsvendor model in each period are a variable ordering cost of ¢ per unit and a penalty p per unit

short. If the inventory is perishable, the newsvendor gets a salvage value of h per unit surplus in each



period. Otherwise, for non-perishable inventory, the newsvendor incurs a holding cost of A’ per unit
surplus at the end of each period. It is reasonable to assume h < ¢ < p when inventory is perishable and
¢ < p when inventory is non-perishable. In this section as well as the next section, we consider the case
of perishable products, whereas the non-perishable case is addressed in §3.

It is convenient to define

Yn — d1 (Tn)
BEACSEN (2)

Zn =
where y, denotes the stock level chosen in period n. The variable z, is called the stocking factor in
period n (Petruzzi and Dada 1999). Let SF,, = % be the safety factor (Silver, Pyke and
Peterson 1998), where SD represents the standard deviation. The stocking factor and the safety factor
are related as follows: z, = E[X,] + (SF,)(SD[X,]). The transformation (2) allows us to accommodate
time dependent shifts in the expected demand that may arise for seasonal products, or for products that
are in the early stages of their life cycles.

Let us denote z,, = min(X,,, z,,). Demand is exactly observed in period n, that is, D, (r,, X,) < yn
when z,, < z,; and the demand is censored at the order quantity, that is, D, (1, X)) > y, when z,, = z,.
By comparing the sales and the order quantities, we can conclude if the demand equals sales or is at
least as great as sales.

We now formulate the price-dependent newsvendor problem as a Bayesian Markov decision process
(van Hee 1978, Ding, Puterman and Bisi 2002) as follows:

Decision Epochs. Let N denote the finite number of decision epochs.
States. Let S,, denote the state space at decision epoch n, n =1,2,..., N. The state space is the set
of all prior distributions when n = 1 and posterior distributions when n =2,..., N. We assume a fixed

prior distribution 71 (6). Then S, is the set of all posteriors corresponding to the given prior 71 (6). Let

nt1(0]2zy) be the posterior probability at decision epoch n. It is given by

Tnt1(0)zy)  if xy, < 2,
Tn1(0)zn) = (3)

mo1(0lzn) ifxy, = 2,



The superscript c represents censored demand. When the demand in period n is fully observed, that is,
when z,, < z,, then if the prior is 7, (0), the state at n + 1 becomes 7, +1(0|z,) = mpt1(0]z,) as given
by

f(n|0)7n ()
7Tn+1(9|33n fO 33n|9/ (’)d@" (4)

On the other hand, if the demand is censored at the order quantity, that is, when z,, = z,, the state

becomes 7,41 (0|z,) = 75 1(0]2,), which is given by

I7° f(]6)da 7, (6)
Jo [ F(@107) 70 (0" )da 6"

Note that the above sequence of prior and posterior probabilities constitute a distribution-valued Markov

(5)

Tt1(0]zn) =

process which is the basis for dynamic demand distribution updating.

Actions. Since any non-negative stock level (or stocking factor) and price can be chosen at any decision
epoch, the action set is As = [0, 00) X [0, c0) for each s € S,,.

Expected Profit. Let us denote §,(z fo 2|0)7, (0]2,—1)d0, the Bayesian estimate of the updated
probability density function of X,, conditioned on X, _1, and G, (z) = Prob(X, < z) = Jo Gn(s)ds
Depending on whether 7, is evaluated based on an exact demand observation or a censored observation

as indicated in Equation (3), the density g, consists of the corresponding two cases as follows:

gn(z) i 7p(0|xn—1) = Tn(0|zn-1), i.e., when x,,_1 < 2,1

gn(x) = (6)
9¢(x)  if Tp(0|lxn—1) = 75(0]2n—1), ie., when x,,—1 = z,_1.

Now, the Bayesian expected profit with prior distribution 7,,, stocking factor z,, stock level y,, and

price 7, can be written as

M(frna Zns Yns Tn) = (Tn - C)y - d2 Tn |: / G de +p/ (‘T - Zn)gn(x)dx] : (7)
After substituting z, for y, from (2) and performing integration by parts we write M (7, 2n, Yn, Tn) as
M (7tn, 20, Tn) by

M(fayznta) = di(ra)(ra =)+ da(rn) [(m 4P =€)z = (1 +p = 1) G20

+do(ry) [(rn _n) /O " v (@)dz — p / h xgn(x)dx] . (8)

n



Transition Probabilities.

gn(xn)dx, if Tpp1(0|xn) = Tpt1(0|ay), ie., when z, < z,
p(ﬁn+1|7?rn; Zny Tn) =

1—Gn(zn) if Tpq1(0)an) = 75 1(0|2n), ie., when x, = z,.

The transition probability equals 0 otherwise. Note that the transition probabilities depend on the
actions.

Optimality Equations. Under the total expected reward criterion, the optimality equations are given

by
Vi) =  max {M(frn, )+ [ Vi (s (o))
Zn,TnE€ERY 0
V(7 (o)L — én<zn>1}, (0)
for n = 1,2,..., N, with the boundary condition V41 (7n4+1) = 0, for all #41. The second term on

the right hand side of Equation (9) is the expected profit at n + 1 if D, (ry,, X,,) is fully observed (i.e.

X, < zp) and the third term is the expected profit if D,,(r,, X,) is censored at y,, (i.e. X, > z,).

2 The Perishable Inventory Problem

In this section we establish important results of the optimal ordering and pricing policies for perishable

products. For this, we first introduce some notation. For n =1,2,..., N, let

gn(x|zn—1) : the probability density of X,, corresponding to the prior 7, (6|x, 1) which is
the posterior when the demand in period n — 1 is observed exactly
(i€, Xpn—1=1=2Tn_1).

9% (x|zn—1) : the probability density of X,, corresponding to the prior 7¢(0|z,—1) which is
the posterior when the demand in period n — 1 is censored at the
order quantity y,—1 (i-e., Xp—1 > 2n-1)-

Gp(z|xn—1) = Prob(X,, < z|Xn—1=2n-1), GS(x|zn-1)=Prob(X, <z|X,-1> z,-1).

xe

z¢ . optimal stocking factor in period n with state m,(0|xn—1).



z¢ . optimal stocking factor in period n with state 7¢(0|zp—1).

. -1
28 = [Gn (%un,l” : Bayesian myopic stocking factor in period n if X, 1 = zp,_1.
c _ ¢ [ ra(zo)+p—c -1 . . . . . . .
28 = |GE Wkn,l : Bayesian myopic stocking factor in period n if X,,_1 > 2z, 1.

Note that by the Bayesian myopic stocking factor we refer to the stocking factor that corresponds to the
optimal solution of the single-period problem with the updated probability distribution.

We denote the optimal and myopic stocking factors by

zr¢ i X,_1=ap_1, t.e., when x,,_1 < 2,1

= (10)

. if X, 1> 2p_1, i.e., when z,,_1 = z,_1.

. ze it X, 1 =xp_1, t.e., when xp_1 < 21
z 0 = (11)
if X, 1> 2p_1, .., When x,, 1 = z,_1.

We will write 2 > 22N (or 2} = 2BV) to mean that 2¢ > 2¢ if X,, 1 = 7,1 < 2,1, and 2}¢ > 2¢ if
Xn-1>2zn1=ap—1(or 228 =28 if X1 =xp_1 < zp—1, and 25 =28 if X;,o1 > 2,21 = Tp—1).
In Equation (3) we have seen how 7, (:|zn-1), n = 2,3,..., N, are calculated depend on whether
Dy, —1(ryn—1,X,—1) is fully observed or censored. Hence,
Va(n(-|0n-1))
Va(mn(ln-1)) U 7n(|zn-1) = mn(|2n-1), i.e., when X,,_1 = 2,1 < 2,1

= (12)

Vi (78 (zn—1)) if Tn(-|xn-1) = 7S(-|2n-1), d.€., when X,_1 > Tp_1 = 2_1.

Since 7, (+|zn—1) can be viewed as a function of #,_1 and z,_; (refer to Equation (4)), and 7&(-|zn—1)

can be viewed as a function of 7,_1 and z,_1 (refer to Equation (5)), we redefine V,, (7, (|zn—1)) as

Vn(frnfla xnfl) if Tp—1 < Zp—1
Vo (Fn (|zn-1)) =

Vnc(ﬂnflaznfl) if Tpn—1 = Zn—1-

For notational convenience, we will denote
Vn(frnfla xnfl) = Vn(xnfl); Vnc(frnfla anl) = Vnc(znfl)

The following lemma specifies the optimal pricing and ordering decisions as functions of the stocking
factor. In Example 1 of this section as well as in Lemmas 3 and 4 in §4 we will show how these equations

admit simple solutions for the additive and multiplicative specifications of demand.



Lemma 1. The optimal retail price and order quantity in period n, n = 1,2,..., N, are uniquely

determined as functions of z, as follows:

(a) 7 (zyn) is obtained from the equation:

() + ez + (=) (20)  l00), ) O,y [T

—da(r) /0 Co()da — Mgf(:n)p /Oo(x — 2)in(x)dz = 0, (13)

(b) Y (2n) = di(r7,(2n)) + d2(r7,(20)) 2

Let us define the optimal future profit and the profit function at period n respectively by

Li(z) = /Oz" Vit 1(2)gn () dz + VnCJrl(Zn)[l = Gn(zn)], (14)

Then, in view of Lemma 1(a), the optimality equations (9) can be written as

Vn An - J An, n ), 16
() = muax J(n, ) (16)
forn=1,2,..., N, with the boundary condition V11 (n+1) = 0 for all #x41. Notice that in Equation

(16), the optimization problem of jointly ordering and pricing has been reduced to a single-variable
problem in the stocking factor z,.
We now derive an important result for the marginal expected value of information. Arguing similarly

to Ding, Puterman, and Bisi (2002) we can write the marginal expected value of information at z,, as

. anCJrl(Zn) Gn(2n)
in(zn) = ————=—(Vii(2n) — Vaga(zn)) —————
(2n) T (Vi) Vo) 22
= L dll) 10 N1 (17)

By appropriately analyzing Equation (17), Theorem 1(a) establishes a more pragmatic expression

for iy (zp). Theorem 1(b) states how this expression can be used to compute the optimal stocking factor.



We use this expression later in this section to explain why the optimal stocking factor of a period may
not increase with the length of the problem horizon.

Theorem 1. (a) The marginal expected value of information iy (zn) can be expressed as

in(zn) = hn(zn) (Vo (20) = Vit (o) =z, ) » = 1,200 N = 1, (18)

+1

!A]nA(Zn)

where iln(zn) = 1—G(zn)

and VnJrl(zn)|ZTL+1:Z:c+1 is the profit when V;,41(zn) is evaluated at 2,41 = 23,5,
in period (n + 1), and subsequently at z,4; = z;,,; in period (n+j), j=2,3,..., N —n, given that the
policy used in period (n+1) is 255 . !

(b) The optimal stocking factor z% satisfies

da(rn(2n))(c — h>én(zn) = [1 = Gul(2n)] [d2(rn(20))(Tn(20) +p — ) + in(zn)] (19)

form=1,2...,N —1.

Explicit expressions for Vii11(zn) and Viy1(2n)z,4, =2z are given in Equations (42) and (64) re-
spectively of the Appendix. Equation (18) can be interpreted as follows. Given that the demand is
censored in period n, that is, X,, > z,, suppose we have the option of acquiring additional information
by purchasing additional inventory that is sufficient to increase the stocking factor by dz,. If this ad-
ditional inventory turns out to be an excess, then the optimal policy in period (n + 1) is 23, and the
corresponding (optimal) profit is V,,11(2,). On the other hand, if there is no excess inventory, then the

optimal policy in period (n+1) is 2,5, and the corresponding profit is Vyi41(2n)|z,4, =27, - The probabil-

!}TLA(Z")

—nnl — Therefore, the value of information
1-Grn(2zn)

ity density function of X,, at z, given X,, > z, is h, (zn) =
at z, is the net increase in the future profit given by h, (zn) (Vn+1(zn) - Vn+1(zn)|zn+1:z:cﬂ) , which is
Equation (18). Now, since Vi11(2n) 2 Vint1(2n)|z,50=27¢ , Theorem 1(a) implies that the marginal ex-
pected value of information at any z, is always non-negative. For inventory models with exogenous price,

a similar representation but with a different proof of Equation (18) has also been found independently

by Lu, Song, and Zhu (2004).

IThe correction in this result from the earlier draft is due to an anonymous referee.

10



In the following example, we apply Lemma 1 and Theorem 1 to a specific problem to derive the
equations that would give us the optimal policies.
Example 1. Let X,,, n = 1,2,..., N, be exponential random variables with distribution function

F(z|0) = 1 — e %, where 0 has the Gamma prior 71(f) = Fﬁz)ﬁo‘*le*ﬁg, with the shape and scale

parameters, « and (3, respectively. Noting that xz,, = min(X,, z,,), the sufficient statistic for 6 at the

beginning of period n is given by the updated parameters «,, and j,, as follows (Braden and Freimer

1991):
n—1 n—1
an:a+ZI{Xi<2i} and Bn:6+zxz
1=1 1=1

The updated distribution function of X,, is then given by G, (z) = 1 — ( ﬁﬁf‘m) " . Now, consider the

additive demand model with di(r,) = a —bry, (a > 0,b > 0) and da(r,,) = 1. In this case, by Equations

(18) and (19), the optimal stocking factor z; satisfies

R —h
1— Go(zn) = ¢
(ra(2n) +p—h) + ﬁnorzn (V"+1(Z"> - V"+1(Zn)|zn+1ZZZi1)

where the optimal retail price and order quantity are given by Lemma 1 (also see Lemma 3 in §3) as

Bn B \* !
Q+b0+an_1<1—(ﬁn+zn> )]a
1 Bn B\t
yn(zn) = 5[&—b0—an—1<1—<ﬁn+zn> )

As a consequence of Theorem 1, we now obtain the following corollary describing a structural property

3

follows:

rn(zn) = =

20

—+ zn.

of the optimal stocking factor for the general demand functions modeled by Equation (1).
Corollary 1. (a) Suppose X,, n = 1,2,..., N, are non-negative #id random variables with density
f(x|0). Then I,(zy) is non-decreasing in z,, n=1,2,...,N — 1.

(b) Suppose each single-period problem has a unique optimal myopic stocking factor zEN. Then the
optimal stocking factor z;, satisfies

* BN _ * _ BN
zp >z, n=1,2 , and zZy = zZnN' .

3 3 yc



Corollary 1(b) states that in each of the periods 1,2,..., N — 1, the combined effect of the unknown
demand distribution and unobservable lost sales results in a higher optimal stocking factor than the
Bayesian myopic stocking factor. This is a well known result in the context of inventory models with
exogenous price (Lariviere and Porteus 1999, Ding, Puterman and Bisi 2002). Note that the assumption
in Corollary 1(b) is needed because, when price is a decision variable, the single-period profit function
may not be unimodal in z,. In such cases, we would not be able to compare z;; and 22V In Corollary 2
discussed below, we give examples of demand models for which each single-period problem has a unique
optimal myopic stocking factor under a condition on the hazard rate function.

In view of Theorem 1 for the additive demand case and Theorem 2 for the multiplicative demand
case in Petruzzi and Dada (1999), the following corollary gives a condition under which our Corollary
1(b) holds for continuous demand.

Corollary 2. Let ﬁn(zn) = % be the hazard rate function associated with X,, n =1,2,..., N.
Then Corollary 1(b) holds for the additive and multiplicative demand models if the following condition

holds:

dhp(zn)

Condition Cy: p
Zn

+2 (ﬁn(zn))2 > 0. (20)

If Condition C; is not satisfied or is hard to verify, an exhaustive search for the optimal 22V may be
needed to validate Corollary 1(b), as is the case when demand is discrete.
Example 2. Consider the distribution F(z|0) = 1 —e~"(®) of X,,, where n(x) is convex and increasing
in . This distribution belongs to a subclass of Newsboy Distributions (Braden and Freimer 1991). If
we let 71(0) = Gamma(a, §) with the shape parameter o > %, then the above distribution paired with
gamma satisfies Condition C (Theorem 4, Petruzzi and Dada 2001). Note that for n(z) = z* with A > 1,

F(z]0) is a Weibull distribution, and in particular, when A = 1, F'(z|f) is an exponential distribution.

12



The following proposition establishes an important property of the updated probability distribution
of X,, n=2,3,...,N. Let GY(z|z,_1) denote the updated marginal distribution function of X,, (after
unconditioning w.r.t. X, _;) when the stocking factor in period (n — 1) is z,_1. Then GU(z|z,_1) is

given by

Gl(zlz1) = P(Xo <alzn1) (21)

- / G (1)1 (En—1)dn—1 + G (@] zn1)[L — Cnr(zn_)].
0

The proposition states that Gg (2|z—1) does not depend on z,_1. We use this result in §5 to analyze a
condition in Petruzzi and Dada (2001).

Proposition 1. The probability distribution function GU (x|z,_1) satisfies

OGY (z]2n—1)
8anl

=0, (22)
form=23, ... N.

We now examine a nested property of the optimal stocking factor. Let z; y denote the optimal
value of the stocking factor z in period n of an N-period problem. Petruzzi and Dada (2002) have
proved that the first-period optimal stocking factor increases as N increases, that is, the inequality
2] N1 2 #1 y holds for any N in their analytical model. This phenomenon is also noted in a numerical
example (Example 3, p 525) in Ding, Puterman and Bisi (2002). However, this property may not hold
in general; neither for the first-period nor for any intermediate period n, where n < N. This behavior
is highly counter-intuitive, because usually we would believe that acquiring demand information by
stocking higher in the early periods is more valuable in an (N + 1)-period problem than it is in an
N-period problem. The explanation of this surprising feature of the stocking factor is given below.

Let Jn(7p, 2zn) and V, n(7,) denote the profit function and the optimal profit (refer to Equations
(15) and (16)) respectively in period n of an N-period problem. Also let I, n(z5,) denote the optimal

future profit (refer to Equation (14)) from period (n+ 1) onwards of an N-period problem given that z,

13



is the decision in period n. Then, for a two-period problem, using Corollary 1(a), we get

TIA) s (a)) [ e1) + 9= ) (o) + 9 = )G (ar)] + T2
> do(r1(20)) [4(2) 49— ) — (ra(1) 4 p— WG ()]
dJy (dzll 1) 23)
which implies
iy > (24)

But neither the inequality 2]y, > 2] y nor the inequality 2 . > z; v, for any n < N, is necessarily
true for a problem with more than two periods. To show this, let us note the following equation:

dJN+1 (ﬁn, Zn)
dzp,

dIn,N+1 (Zn)
dzp,

= da(rn(zn)) [(Tn(zn) +p—c) = (rn(zn) +p— h>én(zn) +

dJN 11 (Tn,2n) and dJN (fin,2n)
d dzn

Zn

Comparing we observe that for z; v, > z; y to hold we must have

dl”’zz('z") > dl”égfz"). Notice that by Theorem 1(a) and Equation (17) we can write

dIn,N+1(zn) _ dIn,N(zn)
dZn dzn

= Gn(2n) (Vn+1,N+1(Zn) - Vn+1,N+1(Zn)|zn+1:z:‘;1,N+l)
—9n(2n) (Vn+1,N(Zn) - Vn+1,N(Zn)|zn+1:z:‘;l,N)
= Gn(zn) (Vagi,n41(2n) — Vg1, n(2n)) (25)
—n(2n) (Vn+1,N+1(Zn)|zn+1:z:‘jrl,N+l - Vn+1,N(2n)|zn+1:z:‘;l,N) :
The net effect of the two terms inside the first parenthesis on the right hand side of Equation (25),

although non-negative, can be arbitrarily small. The net effect of the two terms inside the second

parenthesis can be either positive or negative of arbitrary quantity, depending on the values of 275 n

Al N+1(2n) > dl, N (zn)
dzy

and 279, y. Therefore, the inequality o >

and hence, z y; > 2, y may be vio-
lated. An example of this case is presented graphically in Figure 1 where it is shown how the difference

(Vn+1,N+1(Zn)|zn+1:z;‘f+l,N+l - Vn+1,N(Zn)|zn+1:z;‘f+l,N) can be greater than (V11 n+1(2n) — Var1,8(2n))

B . . N .
= (Vn+17N+1(Zn)|2"+1:Z:i1,N+l — Vn+17N(zn)|z"+1:z:il,N)' The intuition behind why 2; v, > 25 v

14



may not hold can be explained by the marginal expected value of information. From Equations (14)-

(16) note that

Vn+1,N+1(Zn)|zn+1:z:il,N+l = M(mp+1, Z;il,N+1a Tn+1(Z:iL1,N+1)) + In+1,N+1(Z:;i1,N+1)a (26)
where
Z:L?H,NJA
(i) = [ Vi @gun (@)de
0
Vo vt (i v = G (2051 vl (27)

This indicates that the marginal expected value of information in period n (refer to Equations (17)
and (18)) depends on the future profit from period (n + 1) onwards; in particular, on the profit func-
tions Vyy2 v41(2) and Voo vy (275 voq)- By Corollary 1(a) we observe that Iny1,n+1(255 ny1) 2
Livin+1(2350 n) 2 v n (2350 n) 3 2550 vy = 2550 v In such a case, observe from Equation (25)
that the value of the terms in the second parenthesis can exceed that of the first one. Therefore, we may
have z;, v < 2, v, albeit depending on the value of the difference between M (Tn+1, ZhG N1 Tn1(255
and M (mpy1, 2350 N> Tnr1(255 1 ). An example where 23, vy > 259 x holds is given below. Con-
sider a problem with N = 2 and n = 1. Then, by Equation (24) we have 23 ;3 > 23 ,, in particular,
25% > 255, because 23 5 can be thought of as the optimal stocking factor in the first period of a 2-period
problem with Go(z|21) as the initial distribution function of X.

The following insight can be obtained from the above discussion. If the number of period N increases,
the optimal stocking factor of a given period may not increase because there are now more periods
available in the future when the optimal stocking factor has the opportunity to increase, if required,
in order to gain information on the demand distribution. In contrast to the general model we analyze
here, for the specific model of Petruzzi and Dada (2002), the first-period marginal expected value of
information is independent of all future profits starting from the third-period profit functions Vs n41 ()

and V' y +1(+). This happens as a consequence of the fact that in their model, the updated probability

distribution is truncated at the lower bound of the uncertainty term. Such a construct also guarantees

15
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that having a higher stocking factor when a demand observation is censored makes the updated demand
distribution stochastically larger with a higher precision parameter. The combination of these effects
and the absence of any influence from future decisions leads to a higher optimal stocking factor in the
first period as the problem length increases. But in our general model, not only is the stocking factor
of a period influenced by future decisions but also the precision parameter is not guaranteed to increase
with a higher stocking factor when demand is censored.

Note that above conclusion holds also for the specific inventory model of the exogenous-price case as
in Ding, Puterman and Bisi (2002) as well as more general model of the endogenous-price case as in the
multi-period version of Dana and Petruzzi (2001) where a firm internalizes the effect of its inventory on

demand. Furthermore, the results in this section can be proved for both of these models.

3 The Non-perishable Inventory Problem

We now study the properties of the optimal policies when the inventory is non-perishable, that is, the
leftover inventory from one period can be carried forward to the next period. Consequently, instead of a
salvage value, the newsvendor incurs a holding cost of A’ per unit of leftover inventories. Let &, and g,
respectively denote the inventory level before ordering and the order quantity in period n. The stocking
quantity in period n is therefore y,, = &, + ¢n. As before, the stocking factor z, is defined by Equation
(2). The Bayesian MDP formulation of the problem is similar to the one in §1. To keep the discussion
short, we only point out the changes that are necessary to analyze the results. For instance, Equation

(8) is replaced by

M(ﬁna &ns Zn, Tn) = dl(rn)(rn - C) +cn + d2(rn) [(Tn +p— C)Zn - (Tn +p+ h/)znGn(zn)

(1) [(rn R /O " n()dz — p / h xgn(x)dx] . (28)

n
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Also, the optimality equations (9) now takes the form

Vn(frnagn) = Ineaj%i{M(ﬁnagnaznarn(zn» +/ Vn+1(7rn+1('|$>a§n+1(zn>)gn($)d$
Zn 0
Vo () O = Gl (29)
for n = 1,2,..., N, with the boundary condition V1 (7n41,En+1) = 0 for all Ay41 and En41. Note

that in Equation (29), &,41(2n) = da(rn(2n))(2n — x) for X, =z < z,.
For notational simplicity, we denote

Va1 (Mn41(12), §nt1(20)) = Va1 (2, €nv1(2n)), Vi1 (41 (|2n), 0) = Vit (20, 0).

Analogous to Lemma 1, the optimal pricing and ordering policies for the non-perishable inventory

model are given by the following lemma:

Lemma 2. The optimal price and order quantity can be expressed as unique functions of z, as follows:

(a) 7% (zy) is obtained by solving

dy () + do(rn)2n + (rn — C) (adl(r’” + adQ(T">zn> ad? ) (4 1) / Gl

orn, orn,
—ds(ry) /0 v G(z)dx — ad;g") D / Oo(x — 22)gn(z)dz + 8‘15;" )c /0 Gn(z)dz =0, (30)

n

(b) Gy (zn) = d1(75, (2n)) + d2(7, (2n)) 2n-

Comparing with Equation (13) in Lemma 1, notice that in Equation (30) an extra term has been
added which arises due to possible leftover inventory from period n. In Lemmas 3 and 4 in §4, for an
additive and a multiplicative model, we will see how this term makes the optimal policies different from
those for the perishable inventory case.

Let us define

I, (Zna §n+1 Zn / Vn+1 §n+1(zn>)gn( )dx +V +1(Zm 0)[1 - Gn(zn)] (31)

J(ﬁm &ns Zns §n+1(zn)) = M(ﬁm &n)» Zn, Tn(zn)) + In(zm §n+1(zn)) (32)

17



Similar to Equation (17), the marginal expected value of leftover inventory and information at z, can

be written as

dIn(zm §n+1(zn))

in(Zn, Eny1(zn)) =

1—G(zn) dzn
_ 1 Vg1 (2, €ny1(2n)) . din(zn)
= Ty l/ oz nl@drr =g (39)
where
Antzn) _ Va0 o (Ve (s 0) = Vs (5, 0))n o), (34)

dzp, dzp,
forn=1,2,..., N — 1. Note that the first and the second term in Equation (33) represent the marginal
expected value of leftover inventory and the marginal expected value of information respectively.
The following result gives an expression for i, (zn,&nt1(2n)) which, compared to Theorem 1, has
additional terms because of holding inventory.
Theorem 2. (a) The marginal expected value of leftover inventory and information i (zn, &nt1(2n))

can be written as

oo () = T A I TZe—
+3J(7Tn+1, §n+1(z%)zaj?lila Ent2(Z351)) I{E:il_znm}>gn($)d$
#0000) (Ve Gn0) = Voo O, )| (39)
forn=1,2,...,N—1.2
(b) The optimal stocking factor 5% satisfies
da(ru(za)) e+ H)Con(zn) = [1 = Cin(z)] [dara(5n)) () + 2 — )+ in (s Enia(za))], (36)

form=1,2...,N—1.

From Theorem 2, under a condition on the order placement, we obtain the following structural

property of the optimal stocking factor.

2The correction in this result from the earlier draft is due to an anonymous referee.
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Corollary 3. Assume that with stocking factor z, in a given period n, n = 1,2,...,N — 1, an order
will be placed in period (n+ 1) for any demand realization in period n (Condition C3). Then
(a) In(zn, &nt1(2n)) is non-decreasing in zp, n=1,2,...,N — 1.
(b) And, if each single-period problem has a unique optimal myopic stocking factor BN then the
optimal stocking factor zZ;, satisfies
A

BN

n=12 ZN

3 3 yc

2*
I

, and Z

From Equation (35) notice that if the Condition C3 is not satisfied, which might be the case in

general, then there will be sample paths with leftover inventory from period n for which no order will

AT (Tnt1,En+1(2n), 205 1,6n+2 (255 1)) <0

be placed in period (n + 1) so that 2%, = 2, — x, and therefore, e

on these sample paths that have positive probability. In such a case, i, (2n, &nt1(2n)) is a sum of three
terms, two of them are positive and one negative. One of the positive terms is the marginal value
of information which corresponds to demand realizations that result in stockouts and the other one
corresponds to demand realizations that lead to order placement in the next period even though there is
leftover inventory. The negative term corresponds to demand realizations that lead to sufficient leftover
inventory requiring no order placement in the next period. The net effect of these three terms can be
either positive or negative and therefore, the structural result of Corollary 3 may fail to hold. Similar
results are also observed independently by Lu, Song and Zhu (2005) and Chen and Plambeck (2004).

It is important to observe that the strong qualification of Condition Cs is purely the impact of the non-
perishability of inventory and not because of the pricing decision or demand censoring. Typically, under
mild regularity conditions like C, the adverse impact of price can be overcome. However, the inventory
effect persists even under full information on demand, even if we impose the buy-back assumption of
Veinott (1965) and consider the backorder case.

Next, we compare z; with the optimal stocking factor corresponding to the inventory model which

has full information on demand in the current period. If the realized value of period n demand D,, is
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exactly observed even when there is no leftover inventory at the end of the period, then we have X,, = x,,
and fp41(0|zn) = mpt1(0|zy,) (compare with Equation (3)). The optimal future profit at period n is

given by

IF (20 enn (20)) / (2 e () () + / VE (2, 0)gn(x)dz, (37)

for n = 1,2,...,N — 1. The superscript F represents the full information scenario. Let ZZ" denote the
optimal stocking factor in period n for this model. The following theorem shows that the inventory
problem with censored information yields a higher optimal stocking factor than the full information
model. This is so because acquisition of information on demand comes at the expense of a higher
stocking factor than is the case when information is automatically guaranteed. Notice that this is a
stronger result than comparing 2z with the optimal stocking factor of a inventory system which has
exact demand information in all periods up to and including the current period. Although analogous

result holds also for perishable inventory, we will state the result for the non-perishable inventory case.
Theorem 3. z > I forn=1,2,...,N — 1.

We now investigate the optimal stocking factor of a period with respect to N for the non-perishable
inventory model. Let z, y, Vi, N(Tn, &n)s and Iy N (2n, Ent1(2n)) respectively denote the optimal stocking
factor, the optimal profit, and the optimal future profit (refer to Equations (29) and (31)) in period n
of an N-period problem. Also let I, n(z,) represent I,,(z,) (refer to Equation (34)) in this case. For a
two-period problem, if an order is placed in the second period, then using Corollary 3(a) and arguments
similar to those leading to Equation (23) we can show Zj, > Z{ ;; otherwise, this inequality may not
hold. To compare z; y; and z;, y, for any n < NV, in inventory problems with horizon lengths of more

than two periods, we write from Equation (33),

dln N+1 (Zm §n+1(zn)) _ dIn,N(zm §n+1(zn))
dzp, dzp,

( Zn 8Vn+1,N+1(x’ §n+1(zn)) gn(;p)d:p 3 /zn 8Vn+1,N(fEa §n+1(2n)) gn(x)dx>
oz, 0 Oz,

20



dl, W) dl (2
dzp, dzp,
From Theorem 2(a) we observe that the net effect of the two terms inside the first parethesis of Equation

(38) can be positive or negative in general, and is zero only in the special case when Condition Cy of

Corollary 3 is satisfied. On the other hand, using Theorem 2(a) again and analogously to the perishable

dln N1 (2n) _ A, N (2n)
dzy dzy

inventory case, we see that ( ) can be either positive or negative. Therefore, the
inequality Z;; yyq > 2, y may not hold also for non-perishable products even under Condition Cs.

To complete the analysis, let us also examine the behavior of the optimal stocking factor of a period
with respect to IV for the full information model. Let 55 yand [, 5 N (Zn, &€n+t1(zn)) respectively denote the
optimal stocking factor and the optimal future profit (refer to Equation (37)) in period n of an N-period
problem. From the proofs of Theorem 2(a) and Theorem 3 we can reach the following conclusions. For

dI{ 5(21,€2(21))
1

a two-period problem, if an order is placed in the second period, then - > 0, which implies

Ef 9 > Ef 1; otherwise, this inequality need not hold. If the duration of the problems are longer than

dlf,z\url (Zn7§n+l (Zn)) _
dzy

two periods, then assuming Condition Cs for the full information model, we have

dIS,N(Zn Ent1(2n))

T = 0, which implies 25 Nil = 25 N otherwise, this equality may not hold in general.

Furthermore, if the inventory is perishable in the full information model, then we have dlf#(:"’o) =0,
which means zf Nyl = zf y for all N, where zf n denotes the optimal stocking factor in period n for the
perishable inventory case. Table 1 summarizes the properties of the optimal stocking factor of period n
with respect to the length of the problem horizon for different inventory models. It is worth noting that
the above results hold also for the observed lost sales inventory models with either known or unknown
demand distribution because these are only special cases of our full information model.

We now ask the following question along the same line as Petruzzi and Dada (1999) for our non-
perishable inventory model. How would the optimal stocking factors behave if a salvage market existed

such that the leftover inventory from a period can be sold at the beginning of the next period, before

placing the order? If all the leftovers are salvaged, then arguing similarly to Petruzzi and Dada (1999),
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Inventory Full Information Censored Information

Perishable ZF v =2y VYNandaln<N 219 2 21 1;

Indeterminate VN > 2

Non-perishable | z{'y > z{"), z2F'  , =2Fy VN >2 Vn <N | Z{,> %], under Condition Cy;
under Condition Cy;

Indeterminate VN > 1 otherwise Indeterminate YN > 1 otherwise

Table 1: Behavior of the optimal stocking factor of a period for different N and various inventory models

we would conclude that, in the case of the full information model, the optimal stocking factors are
obtained by solving single-period (myopic) problems with the updated distribution function. But this
myopic property does not hold if the demand observations are censored. In this case, the optimal
stocking factors behave as if the inventory is perishable with some adjustments of the cost/revenue
parameters. Also the behavior of the optimal stocking factor of a period with respect to N is similar
to that of the perishable inventory case as described in Table 1. Although, as argued by Petruzzi and
Dada (1999), the existence of a salvage market is unnecessary when the demand distribution is known,
it can be very important when updating of the demand distribution is required. Consider the following
scenario. Suppose the prior distribution at the beginning of a period indicated a high demand resulting
in a large order quantity. But in reality actual demand turns out to be low. If this happens, the
posterior distribution may readjust itself to suggest a low demand for the next period. In such a case,

it is worthwhile to have a salvage market where some or all of the leftover inventories could be sold.
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The questions now arise how much of the leftover inventory should be salvaged? Should we salvage all
or part of it? For a two-period problem as considered in Petruzzi and Dada (2001), it is possible to
salvage any inventory that is excess over the second period’s optimal stocking quantity because this can
be calculated myopically. But deciding on how much of the leftover inventory should be salvaged in each
period of a general N-period problem is a difficult issue because the optimal stocking decisions are no

longer myopic.

4 The Cases of Additive and Multiplicative Demands

Now that we have provided a broad view of the censored newsvendor problem, to glean sharper insights
we consider the specific cases of additive and multiplicative demands. We find that for a given stocking
factor z,, the optimal policies in the additive model have identical properties for both perishable and

non-perishable inventory cases, but behave differently in the multiplicative model.

4.1 The Additive Model

The following lemma gives the optimal pricing and ordering policies for the additive demand model
obtained from Equation (1) by letting dy(r,) = a — bry, (@ > 0,b > 0) and da(ry,) = 1.
Lemma 3. In the additive demand model, for both the cases of perishable and non-perishable inventory,

a+betz, — =n Gn (z)dx
(@) 73(z0) = ACIUL

N a—bc+tz,+ =n Gn(x)dac
(8) v (en) = g ,

(¢) 75 (zn) increasing and concave, whereas y:(zy) increasing and conver in z,

a+bc+E[X,]

(d) As z, — 00, 1) (2n) uniformly converges to the optimal riskless price 53

Lemma 3 leads to the following consequences of Corollaries 1(b) and 3(b) for the additive demand

model. To state the result we introduce some notation. For the case of perishable inventory, let us denote
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ri o=k (2), rBN = 2 (2BN) and y = yi(2%), yBN = y5(2BN); and for the case of non-perishable
inventory, let us denote 7 = 7% (%), 73N = ¢ (ZBN) and g = yi(2)), 98N = 5 (ZBN).
Theorem 4. If each single-period problem has a unique optimal myopic stocking factor zBN (resp. zBN)

in the additive model for the case of perishable inventory (resp. for the case of non-perishable inventory

with Condition Cs3), then

> BNy and  yn > yBN (resp. g > 9EN), n=1,2,...,N - 1;

ry =1y (resp. Ty =7R"), and yy =y (resp. Gy =GN )-

Theorem 4 is an insightful result. It establishes that for the additive demand case, if lost sales are
unobservable, the optimal policy for the newsvendor is not only to order higher quantities from the
supplier but also to charge higher retail prices from the consumer than in the case where there is no
demand learning. In other words, long-term information acquisition and optimality come at the expense
of short-term costs to the retailer (higher leftovers) as well as to the consumer (higher retail prices).

Furthermore, Theorem 3 and Lemma 3 together imply the following result. To describe it, let us

F

Yy and yI' = y#(2L) for the case of perishable inventory; and 7£ = r(ZI') and

F _ %
denote 7, = 7} (z .

9F = y* (ZF) for the case of non-perishable inventory. The result can be interpreted in the same way as
Theorem 4.

Theorem 5. For the additive model,

ZT,I; (resp. F;ZFS), and y;ny; (resp. g;;zgf), n=12...,N—1.

4.2 The Multiplicative Model

The following lemma describes the optimal policies for the multiplicative demand model given by Equa-

tion (1) with dy(r,) = 0 and da(r,,) = ar;,® (a > 0,b > 2).
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Lemma 4. For the multiplicative demand model,

(c=h) [ Gu(w)datp f::(mfzn)gn(m)dm
foz"(lfén(m))dm
W[ Ga(e)dotp f:(m—zn)gn(m)dm
foz"(lfén(m))dm

] (for the case of perishable inventory) and

] (for the case of non-perishable inventory),

n

(c) Let 2L be defined such that (c — h) fozz 2 (x)dz — p(1 — G (2T))E[X,] = 0 for the perishable

T
inventory case (resp. h’' foz" 2gn(z)dr —p(1 — G (2T

n

))E[X,] = 0 for the non-perishable inventory

case). Then r%(z,) is decreasing and convex for z, < zL and increasing for z, > 2L . Also, y* ()

o ) o L ar (2 * (2

is increasing for z, < zI, and for z, > 2L, y%(z,) is increasing if 0 < % < % and
e dri(za)  Th(zn)

decreasing if =g == > =5

be

77, the optimal riskless price. Thus, for the multiplicative

From Lemma 4(a) we see that r(z,) >
model, the riskless price is a lower bound for the optimal price. On the other hand, for the additive
model, from Lemma 3 we observe that the riskless price is an upper bound as well as a limiting value
for the optimal price. Figures 2 and 3 present typical descriptions of 7 (zy,) and y} (2,,) graphically.

Table 2 summarizes the similarities and differences of the relationships between the optimal and
myopic policies for the additive and the multiplicative models. We see that operational decisions can
be easily interpreted from the learning effect of demand for the additive case, whereas it is not easy to
interpret these for the multiplicative case. From Lemmas 3 and 4 we note that the optimal pricing and

ordering decisions depend on the expected lost sales and the parameters p, h, and h’ for the multiplicative

demand case but not for the additive demand case.

5 Conclusion

This paper takes a general approach to studying dynamic pricing and ordering decisions for a newsvendor

model with unobservable lost sales and stochastic demand involving an unknown parameter. We develop
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Variable | Additive Model Multiplicative Model

N
3
N
3 %
Vv
N
S
2
N

> rBN glways if p = 0;

*
n

<
3
<
3 %
Vv
<
St
2
<

BN :¢ _x _BN T
>N Af 2k 20N > 20

Indeterminate if sz < zg <z

BN BN : BN T
Yn = Yn Yn = Yo i 20270 <z

3

Indeterminate otherwise

Table 2: Comparison between additive and multiplicative demand models (under Condition Cy in the

case of non-perishable inventory)
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a unified framework to analyze a very general class of demand models for both perishable and non-
perishable products. The optimization problem of jointly pricing and ordering is first reduced to a
single-variable problem in the stocking factor. Optimal prices and order quantities are then evaluated
myopically as unique functions of the stocking factor. We develop important identities for the marginal
expected value of information and leftover inventory. As consequences of these identities, we show that
the optimal stocking factor at every intermediate decision epoch is higher than the Bayesian myopic
stocking factor when inventory is perishable. If inventory is non-perishable, the same result holds only
under a strong condition on the order placement. This identity also helps to understand why the
optimal stocking factor of a period in the censored demand case may not increase with respect to the
problem lengths. Finally, the implications of the results are discussed in the context of an additive and
a multiplicative demand model. For the additive case, we show when demand is censored the optimal
policy would be to order higher amount as well as charge higher retail prices than both the Bayesian
myopic model and the full information model. We find that the optimal policies in the additive model
are identical for both perishable and non-perishable inventories, but they differ in the multiplicative
model. We also compare the optimal and myopic policies for these two models.

This paper establishes new results as well as generalizes some of the existing results in the literature.
For example, the structural result stated in Corollary 1(b) has been proved in Ding, Puterman and Bisi
(2002) for a model with a fixed retail price. But to obtain this result they assumed that the probability
density function f(z|f) of X,, is likelihood-ratio increasing in 6. Our paper shows that this assumption
is not required. Moreover, when specialized to the case of the fixed retail price, results in this paper
hold also for their model.

Petruzzi and Dada (2001) have obtained some results similar to this paper. However, they consider
only a two-period problem with an additive demand function. Even for this simpler model, the results
are obtained under the assumption that the updated distribution function of X5 is non-increasing in the

first-period stocking factor if the demand is censored in the first period, that is, %ﬁzl) < 0. While

27



working on this paper we realized that this condition is not correct. An appropriate condition should

AU
have been %

1|Z1) < 0, that is, the updated marginal distribution function of X5 (after unconditioning
w.r.t. X1) is non-increasing in the first-period stocking factor irrespective of the demand observation in
the first period. From Proposition 1 we observe that %ﬁzl) = 0 is always true and therefore, results
in Petruzzi and Dada (2001) hold without any assumption on GY (]2 ).

Notice that even though we have assumed the probability distributions of X,,, n =1,2,..., N, for
given 6 are iid over periods, the unconditional distributions of X, s are neither independent nor identical
over periods because the updated distributions of X,s are based on all previous demand realizations
which directly influence the prior updates of 8. Moreover, since we do not assume that the prior dis-
tribution of @ should be conjugate to the demand distribution, the updated distribution of X,, can be
different over periods. This generalization is essential for censored demand models where most of the
distributions do not have any conjugate prior, one exception being the family of Newsboy distributions
with a gamma prior (Braden and Freimer 1991). Thus, our model has practical significance in many
businesses, e.g., fashion goods, new videos and CDs, high-tech industries like DRAM and computer
manufacturing where products are characterized by short shelf life and volatile markets.

The model and methodology considered in this paper can also be extended to study infinite horizon
problems where there is a possibility that the true demand distribution will be completely revealed
once the underlying demand process becomes stable with a steady state distribution. This approach is
suitable for modeling the demand of a basic commodity type of product which has been launched in the
market very recently and is going to have a long life cycle. The interesting issues that can be addressed
in this context are whether the optimal policies converge. And, if they do, what are the limiting policies,
what are the convergence rates and so on. For the observable demand case, these issues have been
studied by Scarf (1959) for the exponential family. However, due to the complexity associated with the
censored demand case where the updated distributions in any period depend on all past actions, these

are challenging research questions which require seperate investigation on their own.
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Although not in the scope of this paper, finding efficient ways of computing the optimal policies and
comparing their performance against the Bayesian myopic policies would be an interesting problem to
pursue. We believe that Equation (18) in Theorem 1(a) would play a key role to this issue. We leave

this for future research.

Appendix

Proof of Lemma 1. (a) Notice that the last two terms on the right hand side of the optimality

equation (9) are independent of r,,. Moreover, for each given value of z,,, M (7, 2n, ) (refer to Equation

OM (fn,2n,Tn) __

(8)) is concave in r,,. Therefore, the optimal selling price is obtained by solving for r,, from I

0, which leads to Equation (13).

(b) Follows immediately from Equation (2) after replacing r,, by 77 (zy). [

Proof of Theorem 1. (a) We will prove the result for n, where n =1,2,...,N—2. Forn =N — 1,
the result follows similarly with the boundary condition Vy41(7in41) = 0 for all Fn41.

From Equation (17) we recall

dVE, 1 (2 g (2
in(zn):%(z)—(v,fﬂ(zn)—vnﬂ(zn))&, for n=1,2,...,N— 1. (39)

Rearranging terms in Equation (39) we write

. o 5 Gn(2n) _ c (s Gn(2n) o anCJrl(Zn)
Zn(zn) = Vn+1( n)l — Gn(zn) Vn+1( n)l — én(zn) dz, (40)

From (10) we note that
2% Xy, =x,<2z,
Zpp1 =

205 Xy > 2, = 2,

Now from Equations (14)-(16), we write V¢, ;(2,) and V,,41(2,) as follows.

Zn+1
VnCJrl(Zn) = M(Trfwrlaz:;irlarnJrl(z:;il))+/ Vn+2(xn+l)gfz+1(xn+l|Zn)dxn+l
0
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Va2 (2501 = G (2054 |20))]
d1(rn41(2,50)) (rn1 (2251) = ©) + da(rnia (2:541)) [(TnJrl(Z:;iLl) +p—o

raan (2290) 4+ p = )G (21 w] e

E
+d2(7ﬂn+1(2':;i1)) [(Tn+1(22i1) —h) / $n+lgfz+1($n+l|zn)d$n+l (41)
0

o0 o0
—p/ $n+lgfl+1($n+l|zn)d$n+l +/ Vn+2($n+1 A Z;il)gfz+1($n+l|zn)d$n+la
z 0

*c

n+1

where, for x,11 > 251, Vipa (@1 A 2551) = Vaga(2;%,) which represents V¢ (239 ). Similarly,

Vn+1 (Zn) ==

Znt1
M (741, 2051, Tn1(2351)) + / Vat2(Tn41)gnt1(Tnt1]2n)dTn i
0
Ve (22501 = Grga (2351 |2n)]
d1(rny1(251)) (rata(2050) — ©) + da(rnga(2,54)) [(TnnLl(Z:;il) +p—0)

4MH@mn+p—mammamvm}ml
* * b
a5 |rass i) 1) [ g o) (42)

o0 o0
—p/ $n+lgn+l($n+l|zn)d$n+l +/ Vn+2($n+1 A Z;il)gn+l($n+l|zn)d$n+la
z 0

*e
n+1

where, for x,41 > 2%, Vigo(Tnt1 A 2551) = Vaga(2551) which represents V&, o(25% ).

Let M (Tp41, 2n+t1, 'rn+1(zn+1))|zn+1:z:‘jrl denote the expected profit at period (n + 1) when

M (Tpi1, Zns1, "ng1(2ng1)) is evaluated at 2,11 = 235 ,. Then

M (Trg1; Zng1 Tna1(Zn1)) s =2ze,
d1(Tn+1(2551)) (Tt (2351) — ©) + d2(rnt1(2551)) [(Tnﬂ(ziiil) +p—c)
(s (aii) 0= WG i) i

Zn%
+d2(7ﬁn+l(z:;i1)) [(Tn+l(22i1) - h)/ Tp19n+1(Tnt1]2n)dTnt1
0

*c

n+1

—p/ Tni19n1(Tni1 |Zn)d$n+1] : (43)
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In the above equations, the density functions g,y1(2n41]2) and g5, 1 (€n41|2n) are given by

o [(@n+10) f(2n]0)7, (0)d0
Int1(@nt1lzn) = / f(@n41|0)mn41(6] 20 )dO = Jo - , (44)
e gn(2n)
¢ ¢ Tn11|0) (1 — F(2n]0))7n (6)d0
9n+1($n+l|zn) = / f($n+1|9)7rn+1(9|zn) fo * . (45)
We now calculate %ﬁz"). Using the chain rule of the partial derivatives and Leibniz’s rule we get
from Equation (41),
Ve, (zn)
dzp,
_ OVirp1(2n) drnga(2;51) 4 Vi1 (2n) d2gy 4 OVii1(zn) (46)
Orny1(2351) dzp, 0z, dzp, Oz,
av, n
= ﬁ by the first-order optimality conditions
) y y
Zn
OGS 1 (2% 1|2n
= () (e (550) + p - By P B )
Fnt1 0¢S 1 (Tn+1lzn
Fara (354) [@m(zzm ) [ el By
0 n
>~ 99741 (Tnt1]2n) 99741 (Tnt1]2n)
—P /Z:C+1 $n+1Td n+1 / Vn+2 Tpy1 N Zn+1)Td$n+1
© WVpso(Tny1 A 2268 .
b [T B V) Gl (a7)
0 Zn
To simplify i, (z,), we write the following equations. From Equation (45) we have
zn5 0 F n]0)) 7T, (0)do
cherl(Z:;ilV") :/ gz+1(xn+1|zn)dxn+l — f@ ( n+1| )( (Z | ))77 ( ) ,
which gives by using (44),
9G;, 11 (751 12n) gn(2n) c *c
+182 - = 1_a (z )[Gn+1( n+1|zn) _Gn+1(zn+1|zn)]- (48)
Also from Equation (45) we write
agfz+1($n+l|zn) _ n(2n fo xn+1|9 J(1 = F(200))70(0)d0 fo (Tn+110) (Zn|9)ﬁn(9)d9 (49)
Using (44) and (45), from (49) we get
99741 (Tnt1]2n) gn(2n) c
+18z = —a (2 >[9n+1($n+l|zn) = Gn+1(Tn+1]2n))- (50)
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Using (41)-(43) and (47)-(50), from (40) we get

. gn Zn An Zn
in(2n) = Vn+1(2n)#n(ln) - l(M(WnH,Zn+1,Tn+1(2n+1))|zn+1—z:i1) %
+ (/Oo Va2 (Tng1 A Z:i1>gn+l($n+l|zn)d$n+l> M
 WVhgo(Tne1 AN 255%0)
- [ R R g e ] (51)

From Equation (41), notice that Vj, 1o(xn4+1 A 2% ) in Equation (51) is evaluated given that the demand

is censored in period n, i.e., X,, > z,, which is represented by z¢ below. To simplify Equation (51), we

. oV, Tp1AZEE
write Vi1o(2nt1 A 2551) and W as follows.

Vira(@ns1 AZ50) = di(rasa(zhen))(msa(Zhan) — €) + da(rasa(zhsn)) [<rn+2<z:;+2> -0
(rnsa(Zh) 4P — h)Cnsa (2 alnss A 225, zz>] .

Znt2
da(rara(zt ) [<rn+2<z:;+2> 1) / Cotains2 (TnsalTngs A 220 28 )dTnss
0

o0

—p/ Tng20nt2(Tnio|Tnyr A 2550, ZZ)d$n+2]

-
n+2

o0
+/ Vits(@nt2 A 2 40)gnt2(Tnt2|Tns1 A 2351, 2)dTn2, (52)
0

where, for T,42 > 25,9, Vags(@ni2 A 2510) = Vays(z) o) which represents V., 5(z o). To calculate

OVnyo(Tny1A2051)

i , using the chain rule similarly to Equation (46) we get from Equation (52),

OWVny2(@ns1 A 2351)
Oz,

8@ +2 zx Tn+1 A zXe ,ZC
= —da(rny2(2h40)) (rni2(2hye) +p— h)z) 0 — ( n+2|a;z 1 Zn)
n

Fnt2 gnt2(Tnt2|Tni1 A 2354, 27,
+da(Tny2(2542)) [(Tn+2(zfz+2) - h)/ Tppp——— 82 s ")d$n+2
0 m

o OGn+2(Tni2|Tni1 A Z:;il, zy,) d
—p Tn+2 a Tn+2
Z 42 #n
o0 a" *C C
Gn+2(Tnr2|Tni1 A 2550, 27)
+/ Vs (@Tni2 A2y, o) 3 dxni2
0 Zn

® Wopis(Tpia A 2
+/ 3 ( gzz "*2)gn+2(xn+2|$n+1 N 2pSys 25)dTn 1o, (53)
0 n
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C

In Equations (52) and (53), the density function gn42(@ny2|Tni1 A 2551, 25) is given by

val@ialenn A 55005 = [ J@el)faaion A2,z

Jo I (@n+216) F@n1 A 21005 1 (0]20)d0
fo (@n+1 A 2354 |0)75 11 (620 )dO
o 210D s A 225, 10)(1 = F(20l0) 0 (0)d0

- - ;o (54)
Jo FEns A 2251 0)(1 = F(2n]6))on (0)d0
where
R f(xni1]6) when z,1 < 235,
f(@nia A25010) = (55)
1 —F(2;%,10) when x,41 > 235.

From Equation (54) we have

OGn+2 ($n+2|$n+l A Z:;ﬁrl, chz)
0zn

Jo I (@ns206)f (1 A 235110) (1 = F(2n]60))on

- F(@nss A 2353110) £ (20107, (6)d6
o xnﬂAznﬂwm—F(znw»ﬁn(mda} (/ : )
Jo F@asal)f @i A 22511)S (0]0)7 ()8
Jo F@nn A 231 [0)(1 = F(200)) 0 (0)d0

Ogn+2(Tnt2|Tnt1,25)
Zn

when x, 11 < 255,

= (56)
9n+z(fn8+;|2n+1vzn) when z,41 > 259 ,.
where, from (55) we have
Ogn+2(Tn+2|Tni1, 2;,) 1 c
Bz = g§+1($n+1lzn) [gn+2(33n+2|33n+1a Zn) - gn+2($n+2|xn+la Zn)] X
T Zn)— 57
gn+1( n+1| n)l _Gn(zn) ( )
8gfcz+2 ($n+2|2;;5r1a chz) 1 c *C c c *C
p— - ><
9z 1_ G%H( n+1|2n) [9n+2($n+2|zn+1azn) 9n+2($n+2|zn+1azn)]
1-G Zn)) ——— 58
( n+1( n+1| n)) 1 Gn(zn) ( )

Now, using Equations (52), (53), (57), and (58), we simplify the last two terms on the right hand
side of (51). To do this, we first analyze the terms that involve profit from period (n + 3) onwards. Let

us write

o0 o0 a" *C (&
Gnt2(Tnt2|Tn1 A 2350, 20)
/ (/ Vosa(Tnta Az g) = 82 P Ao ) Gt (Tt |20)dn
0 n
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' > 0 T T z¢
= / (/ Vn+3($n+2/\22+2) gn+2( n522| ntl ")d$n+2> gz+1($n+l|zn)d$n+l
0 0 n

0o 896 Tnio xe ,ZC
([ Vasalonsa n ap P2t B ) g ) 12 65 i)
0 n

zn‘jrl )
/ (/ Vaas(@Tnte A 2 40) [gna2(Tna2|Tnr1, 25) — nre(Tnie|Tngt, 20)] d$n+2> X
0 0

n n n d n ~
Int1(Tng1|2n)d2n 1] 1= G (2n)

o0
+ (/ V43 (Tnt2 A 2540) [gfz+2($n+2|2:211a 2n) = Gnr2(Tnt2|2p5 0, Zn)] d$n+2> X
0

e gn(2n)
1= Gyr (25| 2)) —2nlZn)
( +1(zn%1l20)) ()
= [/ (/ Vasa(@nt2 Az yo) [Gni2(@nsalZasn A 23515 20) = G (Tnta]Toin A 235, 20)] d$n+2> X
0 0
nt1(Tnatlzn)des, _ 59
In+1(Tn41]2n) +1] 1= G () (59)

Thus, the terms in (51) that represent expected profit from period (n + 3) onwards, together reduce to

o0 o0 A~
N z
[/ (/ Vi3 (@n2 A 25 40) gnt2(Tnr2lTni1 A 2350, Zn)d$n+2> 9n+1($n+1|zn)d$n+1] _dnlzn)
0 0 1- Gn(zn)

7 OVnis(Tng2 A2 ia)
- [( e A ol A5 s ) o), (60
0 0 n

Also, arguing similarly to (59) we can see that the expected profit at period (n 4 2) in Equation (51)

become

/Ooo (dl (Tn+2(2’:;+2))(7"n+2 (Z:;+2) —c) 4+ da(rnye (2':;+2)) [(Tn+2(2';+2) +p—c)

—(Tn+2(2:1+2) +p— h)én+2(22+2|33n+1 A Z:;ila Zn)] Z:;+2
* * et ~ *C
+do (Tn+2(zn+2)) (Tn+2(zn+2) —h) / Tp20n+2(Tnt2|Trni1 A Zn+1> 2n)dTn 12
0

o0 A~
~ Z
—p/ Tniodni2(TnialTni1 A Z:;iLla 2 )dT 2 Int1(Tng1|2n)drng1 ¥ M
z:+2 1- Gn (Zn)

— A~ * * gn (Zn)
= Eﬂ'n+1 (M(Trn+2; Zn+2’ 'rn+2(zn+2)) |zn+1:z:il) Tn(zn), (61)

where M (%42, 2542, Tnt2(2542))|2041=22¢ | denote the expected profit at period (n 4 2) given that the

policy used in period (n+1) is 239, i.e., the demand is censored in period n. E, , , represents expectation
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with respect to the density gn4+1(Zn+1]2n) (which is obtained from 7,11) and also implies that 7,2 is
based on 7,41 (notice that not 7, ;) as is evident from the presence of gni2(@ni2|Tni1 A 2551, 20) in
(61).

Now, using (60) and (61), from (51) we get

InZn == Vn Zn) = - — M Tn y Zn yT'n Zn Zn4+1=2*¢ - A~
( ) +1( )1 — Gn(Zn) [( ( +1 +1 +1( +1))| + n+1) 1_ Gn(zn)
A * * gn(zn)
+Er, (M(Wn+2, Znao Tn+2(zn+2))|zn+1:z:il) T (o én(zn) (62)

o0 o0
+ { (/ (/ Vits(Tnt2 A 25 40)Gnt2 (Tt Tni1 A 235, Zn)d$n+2> X
0 0

n In Zn d{En T E—
g +1( +1| ) +1) 1—Gn(zn)

o > 9V, +3({E +2 A2k )A
—/ (/ - gz 2 G2 (T2 |Tagr A 235005 25) ATt ) 95 11 (Tngt|2n) AT
0 0 n

Continuing the above analysis recursively while remembering that successive calculations are based
on the sample paths which have been reached as a consequence of taking the policy 2%, in period

(n+ 1), we finally get

in(zn) = % (CS A ER— (63)
where
Va1 (Zn)lznin=z,
= M(Tnt1, Zn+1, ?"n+1(2’n+1))|zn+1:z:f+l + LB, (M(ﬁn+2a Zp 425 Tn+2(2';+2))|zn+1:z:11)
bt By dinein s (M(er, S oI G0 )| ) , (64)
and

Vn+1(2’n) = Vn+l(zn)|zn+1:z:il :

This completes the proof.

(b) From Equation (16), we know that the optimal stocking factor satisfies

zr € arg max J(@y,, z,), forn=1,2,... . N —1.

Zn
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Therefore, settin, dI(nzn) 0, using (17), and rearranging terms we get Equation (19). ]
g dzy g ging g

Proof of Corollary 1. (a) From Equations (17) and (63), we get

dln(zn) .
dz, = Gn(zn) (VnJrl(Zn) - Vn+1(zn)|zn+1:z;ﬁl) .

Since V,,41(zn) > Vn+1(zn)|zn+1:z:c+l, the result follows.

(b) To prove z; > 2BN forn =1,2,..., N — 1, from Equation (15) we write

dJ(Tn, 2n)  AM (T, 2n, n(2n)) dl,(zn)
dz, o dz, * dz, (65)

By the assumption in the corollary we have MEHZ‘ZTJ‘?N = 0. Also, from part (a) we know

dl,(zn)

7.~ = 0, at any z,. Therefore, %"n’z"”zn:sz > 0, which implies 2z > 2BV forn=1,2,...,N—1.

For period N, since Vyy1(Tn41) = 0, we have Vy(7n) = max.yer, {M (7N, 2n,rn(2n))}. Hence,

2k = 25N, [
Proof of Proposition 1. From Equation (21) we write

U (x Zn—1 C(x|zp—1 A N
OCu(alzn) _ 00lonat) iy gy o)) = (G (] 2nr) — G (elznr))inos (znr),  (66)

827171 827171
forn=2,3,...,N.
Similar to Equation (48), we can show

a1 G (en)] = s -)[Gilon—1) = Gl (67

From (66) and (67) we get the desired result. [

Proof of Lemma 2. (a) Notice that the second term on the right hand side of the optimality

equation (29) depends on 7, through the carried-over inventory &,.1(2y). The optimal price is therefore

obtained by solving W+"n’z"’r") = 0, which gives (30). Part (b) is obvious from Equation (2). L]

Proof of Theorem 2. (a) For the first term on the right hand side of Equation (33), we write

VnJrl('ra §n+1(zn))
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= di(rnn1(Z50))(ra1(551) = ©) + v (zn) + da(rnga (3354)) [(Tnﬂ(%iiil) +p—c

1 (522) 4 p 4 B G (5251 |x>] e

o0

B
(g1 (225)) | (rasa (2250) + 1) / sgns1(sl2)ds — p /
0 zxe

n+1

Sgn+1(5|$)d51
Zn41 . .

+/ Vat2(s, §nt2)gnr1(sla)ds + Vi (2,51, 0)[1 — Gryr (Z35|2))- (68)
0

Now, since &,41(2n) = da(rn(zn))(zn — x) for X, = < z,, from Equation (68) we get

Vi1 (z,Enta(zn)) cda(rn(2n)) when 3%, > 2, —x (69)
Oz, aJ(ﬂn+l7§n+1(Zré);i:ilvgn+2(2:il)) when ¢, = 2, — .
Moreover, we can mimic the proof of Theorem 1(a) to show that
dly(z) .
T = aen) (Vs (s 0) = Vaa (o, O, ) (70)
Using Equations (69) and (70) in Equation (33), the result follows.
(b) The proof is similar to Theorem 1(b). [
Proof of Corollary 3. (a) The result follows from Equation (33) and Theorem 2(a).
(b) Using part (a) we can complete the proof along the same line of Corollary 1(b). (]
Proof of Theorem 3. From Equations (33) and (34), we know
dly (2, §nt1(2n)) /zn Vi1 (2, Ent1(2n)) . din(zn)
= n d . 1
Applying Leibniz’s rule, from Equation (37) we get
Ay (2, Ens1(20)) - 3‘/}11(3: n+1(2n))
n Y — n Y An d . 2
— / Sty (a)ie (72)

We now compare Equations (71) and (72). Notice that Vi,11(z, &nt1(20)) = V,E (2, €t (20)) for z < 2y,.

n

Since CH;T(Z") > 0, we therefore have

Al (2, Eng1(2n)) > dIg(zmgnJrl(zn))
dz, - dz, '
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Ik sF
Hence, 2z >z, . ]

Proof of Lemma 3. Parts (a) and (b) follow from Lemmas 1 and 2.

(c) From part (a) notice that drgz(:") = 1*%;)(2") > 0, and dz’;l:;(;") = —g"élz)") < 0. From part (b)
notice that dyflbz(:") = HG;(Z") > 0, and 7612%:;%‘2") = —g"(;") > 0.

(d) Using the relation E[X,,] = fooo(l — G (z))dz, the result follows from part (a). [
Proof of Lemma 4. Parts (a) and (b) follow from Lemmas 1 and 2.

(c) We prove the result for the perishable inventory case. For non-perishable inventory, the proof is

similar. From part (a) we can write

dri(zn) _ b | (e=h) 7" wgn(x)dz — p(1 — Gn(zn)) E[X]
(;w1_64@m@

dzp, b—1 (73)

Notice that ((c —h) foz" xgn(z)dz — p(1 — Gn(zn))E[Xn]) is strictly increasing in z,, negative for small

T

n?

values of z,, and positive for large values of z,. Therefore, by the definition of 2z’ , we conclude that
7%(2y,) is decreasing for 2, < zI" and increasing for z, > 2I.

Also from Equation (73) we derive

d?ri(z) b 1
A2 b—1 [ A 3
" (J5"(1 = Gul@))de)

x [«c = W)zntin(z0) + e EX) [0 = G
0

21~ G(on) (<c ~ ) [ adn(aldo o1 - én@n))E[Xn])] S

T

which implies the convexity of r(zy,) for z, < z, .

From part (b) we get

dyy, (Zn) -

bz dri(zn)
e —7] ) (75)

The stated results for y: (zy,) follow from Equation (75). [
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