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1 Economic Environment

1.1 Preferences

A representative consumer has preferences over consumption C; and leisure L; as
described by the utility function

EyY '
t=0

where 5 € (0,1), and vg, % > 0. Here, the consumer is assumed to be endowed with
a single unit of time which must be allocated in non-negative fractions to work (V) ,
shopping (S;) , and innovation (X;), while leaving leisure non-negative:

Gy 4o | (1)
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The nature of these activities will be described below.



1.2 Production Technology

Output is produced as
}/:‘, = WtNt7 (2)

where the productivity of labor at time ¢, W, is an exogenous stochastic process
with properties to be described. Output is used only for consumption, so that the

aggregate resource constraint is
Ci =Y. (3)

1.3 Markets and Government Policy

At the beginning of a period, the household has nominal resources in the form of
current income, money and bonds (plus interest) held from the previous period, and
a transfer from the government. These resources are used to purchase consumption,
and accumulate money and nominal bonds to be held over into the following period.
The representative consumer’s budget constraint is

P,Cy+ M} + M7+ B, < PW,Ny+ M+ (L +47" ) M7 1+ (1 + 1) Bioi + Ty (4)

Here, M is non-interest-bearing (“narrow” ) money, M2 is interest-bearing (“broad”)
money, B; is nominal bonds, 7} is a nominal transfer from the government, P, is the
price level, 7;"; is the interest earned by broad money held at the end of time ¢ — 1,
and 7;_; is the interest earned by bonds held at the end of period t — 1.

It is assumed that the government controls the nominal supply of each type of
money, and that money and interest obligations are serviced from lump-sum tax
revenues (negative transfers). The implied budget constraint for the government is

0= ZyilME—l - (Mtl - Mtl—l) - (ME - Mt2—1) + Ty (5)

1.4 Transactions Technology

The technology for making transactions in the economy requires a combination
of real monies M/ /P; and shopping time satisfying

n
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where v, > 0, o < 1, and x; > 0 for all ¢. Here Z;_; is the level of transactions skill
of the household at time ¢, and «; is an exogenous parameter governing the evolution
of the level of transactions sevices yielded by broad money relative narrow money.
Transactions skill is assumed to evolve according to

Zy = (1 =0+ ¢Xy) Zya, (7)

where ¢ € (0,1) and ¢ > 0. Note that the household effectively controls the growth
rate of Z; directly by its choice of the time investment X;.

1.5 Equilibrium

An equilibrium is a collection of stochastic processes

()
t=0"’

{CuNt, Sty Xt, Mt17 Mt2> By, 24, Yy, Ty, Py Wy iy, 4 ﬁt}
with (ML, M2, B_y, Z_y,i_1,i™) taken as given, such that

1. {Cy, Ny, Sy, Xy, MY, ME, By, Z,}2, maximize (1) subject to (4), (6), and (7)
taking as given (M), M2, B_y, Z_4,i_1,i™) and stochastic processes {1}, P;,
Wiy i, i, K120

2. The goods market clears, so that (3) holds.
3. The government’s budget constraint (5) is satisfied.

4. The private bond market clears, so that B;_; = 0 for all £.

2 Characterization of Equilibrium

2.1 Simplification of the Household’s Problem

Writing M} = M}/P,, B; = B,/ P,, and T, = T,/ P, for real money, bond holdings,
and transfers, respectively, the budget constraint can be written as

Cy+ M+ M2+ B, < WiN, + (1 — ) [Mtl_l + (L+amy) M2+ (L+4,21) B | + T,
(8)



where m, = 1 — P,_1/ P, is the rate of inflation. Next, the law of motion for capital
can be solved for time spent innovating;:

1 Z, )
X, =— —14+0].
' ¢(&4

Now recognizing that the transactions constraint must hold with equality at any
optimum, we use the binding constraint (6) to eliminate C; from (8) and the ob-
jective function; and use the last equation to eliminate X;, so that the problem of

the household can be expressed as that of choosing {Nt, Sy, Mtl, Mf, B’t, Zt} to
t=0

maximize

. Yo 1( 7, e
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subject to

1 v /”S”/"/\/l A MM2+B, < WNA+(1 — ) [Mt L (T4) M2+ (1+iy) Bt] +1T,,
(10)

where
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2.2 FOCs from the Household’s Problem

The first-order conditions for the simplified problem are
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where ), is a non-negative Lagrange multiplier on the budget constraint, and

1 Z,
Li=1—N,—5S,—— -1 .
t t — St ¢<Zt1 +5)

2.3 First Characterization of Equilibrium

Define \; = \,W,, and use (16) and the market clearing condition that
Wt = Ct/Nt — Zt(izy)/nS;//th/Nt

to re-write (14) as

&:%(%—NJ. (17)



Now (16) can be written as

A = oLy, !

o[-

Next note that (15) can be written as
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Now using (13) and (16), (11) and (12) may be written as

and

where

It follows that
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Using (2) and (3), we may derive
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Finally, we may eliminate S; using (6) to write (17) as

[(mic)a) 27 =2 (5 - M), (23)

Ui

Now it can be seen that, given initial conditions (]\;[ll, B_4, Z_1> and processes

{re, g, Wi b2, , equilibrium processes {C’t, Ny, Mtl, Zy, )\t}oo are fully characterized
t=0
by (18), (19), (21), (23), and
Ct - WtNt (24)

(with an appropriate transversality condition). Notice also that ]\Zl't2 can be deduced,
as well, from (20) using (22).

2.4 Characterization in Terms of Equilibrium Ratios

Let
qr = S/éut )

where 7, is a positive constant; and define also
m; = (Mt1/0t> ﬁg‘t
2 = Ztil,—y(glfa)n/(lfu)t
Yot = Zy| Zy .



Now note that, given initial conditions (M}l,Z,l,i,O , an equilibrium may be

characterized by stochastic processes {As, Ny, M, Yz, 2t, 71, ut};’io satisfying

0= <ntuo1— 2 —(1=2YN =L, —1+0) - (25)
B ! ’ nA¢ n ! o Tat
14 1 _n _1=—v _n
— . N _ v v v 2
_ 1 o
02_mt+Tt1()\tNt_1>Ut (27)
1—v 1—v
0= =M.t + BE: {)\t—H |:’727t+1 - ( ; ) Nt+1:| + ¢ ( ” )} (28)
_(A—a)n
O = _72,t + (%) '7q t=v . (29)
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2.5 A Balanced Growth Path of Sorts

In this subsection, assume that r; = 7, and u; = @ for all ¢.

Given the assumptions described in the previous paragraph, I will characterize
an equilibrium in which N,;, S;, and X, are each constant over time; and let us write
N, S, and X for the respective constant values. In this case, it is immediate from
(7) that v, is constant along such a path, with

Vz,t:/j/z:(]-_(s‘i‘gb)z)

Next, (??) shows that A\, must be constant, as well; and I write A for it’s value in
the steady-state. Now (??7) shows that m, is constant, and so (?7) implies that z; is
constant; and I write m and Z (respectively) for their values.

We have thus shown that the dynamics of the transformed system are consistent
with a steady-state equilibrium when the opportunity cost is held constant, and
the substitution term ¢; grows deterministically at a constant rate. The values of
the constants (/_\, N ,m,%,z) may now be obtained by solving the system of five
equations (?77?)-(??) under the steady-state assumption.

From (?7?), the results above show that

_(=o)n
= = 1—v

Yz = Yq



Now using this result and (?7), we can derive

CBel-w) (1
(-9 = 20 (x N). (30)

Then considering additionally (?7), we have that

< v v\ - 1 Bé
N AR PR P TR
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Now given values of exogenous variables 7, and u, the last three equations may
be solved for A and N, so that output and the household’s consumption may be
evaluated. Moreover, from (7), (6), and (??), the steady-state values of X; and S;
may be evaluated as

and .
_ v _
S=—-(=—-N|, 31
U (A ) 3y
respectively; so that the household’s leisure time in the steady-state, say L=1-
N — S — X, is also independent of 7, m, and Z.
The steady-state values of m and z may now be obtained by plugging into the

steady-state representations of (??) and (??) the values A and N and solving; this
gives

and

2.6 Summary of Equations Characterizing the Non-stochastic
Steady-state (INSSS)

I will refer to the collection of constant ratios characterizing the dynamic equilib-
rium discussed in the last subsection as the non-stochastic steady-state (NSSS) of the
system. For convenience the equations characterizing these ratios are summarized



here:!

0=—A+¢0{1—%—(1—%>N—é(%—1+5)]wl (32)
0= % (% - N) e Tt (33)
0=—m+7"! (ALN - 1> T (34)
0=—<1—ﬁ>m—ﬁ¢(1;”>N+ﬁ¢<1;”> (35)
0= 347 . (36)

As suggested by the analysis in subection 2.5, the system admits no closed form
solution in general, and the NSSS values will need to be obtained numerically given
the structural parameters. The recursive algorithm developed in subsection 2.5 is an
efficient way to calculate the NSSS given a set of parameters.

2.7 Stochastic Processes

The stochastic processes r; and u; are assumed to be governed individually by
the evolution of autoregressive processes as follows:

7y = logry —logm = p17i—1 + parfi—2 +€; (37)
u; = loguy — log u = xty; + £}, (38)

— — o . . . . ! .
where 7 and u are positive constants (as in previous sections), and ¢; = (¢},¢}) is

distributed as N (0,X).

'Note that the time path of M? may be determined from (??) and

1
L p\TE T
e ()] e
t
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2.8 Linearization of the System of Equilibrium Ratios around
the NSSS

I will write variables with carets (“hats”) to denote log deviations from the re-
spective element of the NSSS point; for example, I write

\ = log e — log A

and R B
Ny =log Ny —log N.

Now, the system of interest may be approximated by log-linearizing (25)-(29):

Yor (v/n)] « o1 (L—v/n)N o o7, .
= |14 == — N, =
0 { + 7 A+ = ; + To (39)
0= _9;\23 — (0 — 1)Nt +(/v)ms + (1 —v) /v 2+ (n/v) U (40)
0= —mt — ft — 95\t — QNt — Oﬂjllt (41)
. 1—v)N)\ -« . 1—v)N .
0=\ =Y.t + BE; {(1 - u> Attt Va1 — ul\fm (42)
URE URE
0 = —’AYZ7t71 + ét - 2,571 (43)
where ]
ZEl—N—S—g(:}/z—l—i-é).
and 1
6 = _—.
1 - AN

Notice that (43) is an approximation of the lag of equation (29).

3 Solving the Model Analytically

The fundamental step in “solving” the model is to characterize the evolution of a
sufficient set of endogenous state variables as a function of contemporaneous values
of the exogenous processes (exogenous state variables) and of lags of themselves.
Having done so, the model’s remaining variables may be described as functions of
this (sufficient) set of (endogenous and exogenous) state variables. In this section, I
show how to characterize the laws of motion of these state variables analytically.

11



To proceed, I first derive a single equation characterizing the evolution of the
endogenous state variable Z; (given the exogenous processes).
Writing (39) as R )
0=—(1+TU) N+ VYoV, + V39,

to economize on space, we first solve (39)-(41) for Ny, A, and 7h,. This procedure
gives

c_ rwye () o w(tw) o (ETe(l)
T (14w T I (1t P 110, + (14 w) by
1+¥)w(l—a)(d).

v

u7
1+0, + (14w Py

. Tow (£4) . U3 (1+w) . Uow (2) R

= Zi1+ ot — = 7
I Q40U T I U (T Hw) Uy P T4+ (1 +w) Wy
Vow (1 — ) (g)

1+9 + (14+w) Py

~

ty

and
) {(1+\Ifl+\p2)ewg } (14 ¥y + W) Ow () (44)
— — — Zi—
! 1+9 + (14 w) Py ! 1+ 0, + (1 +w)¥y,
{(1+\P1+\112)9w(1—a)ﬂ ]A
— V+a Ug,
147+ (14 w) U,
where _
_1-AN
T L4 AN

Now substituting these into (42) and simplifying, we have

1—
\Ifgw < y V> ét,1 — \Ifgwgft -+ ‘I’zw (1 - O!) gﬂt -+ [1 -+ \111 —+ (\112 + \Ijg) (1 —+ w)] ﬁ/z,t

ngt{{%_ M(l+\yl+‘1}2):| w Kl_y) gt_ﬁft+1+(1 —a)ﬁatﬂ
Nz 14 14 1%

H L+ + (T2 + Ty) (14 w)] Aar ) -
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Next substitute for 4,; and 4,1 using (43) to derive

[1 F U+ (Ty + T3) (1 +w) — Tow (1 - ”)] -

14

_{<1+/5’> [1”’1*(‘1’2*‘1’3)(”“)_@2“ (17)}

o (1—v) N} 5
P !
+ A+ ¥+ (Vo + U3) (1 +w)| B2

+ \Ifgwﬁft — \IJQCL) (1 — C() Q'LAI/t
14 v

¢(1—v)N
177z

+6(1+ Uy + Uy)

+ 6 |:(1 + \111 + \IIQ) - \IIQ:| w [gEﬂA’H_l - (1 - Oé) gEtat+1i| .

Dividing through by the coefficient on Z;_;, say

1_
A051+\D1+(\112+\If3)(1+w)—1112w( V),

write this as

A A . Ay . Wow (M . Vow N .
— 5.1 o1 =y 22 o T2 ) (Y
0=21 (+5+5A0>2t+5A0 t2t+1 A (V>7“t A0< 05)(V)Ut
B(A —Vy)w ) R
+ % [gEﬂ“tH — (1 —-a) gEtut+1:|
where
¢(1—V)N

AlE(1+\Ifl+\I’2) —
URE

Now following the approach of Sargent (1987), the lag operator polynomial on
21 can be factored to write the difference equation as

Ay

6,4_ (L' = &) (L' = &) Biziey = EiQui,
0
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where

\Ilzwnf Yhw (1l —a) n. +B (A — lﬂg)wnf CB(AL =Ty w (1l — a)na
A()V ¢ Aol/ ¢ Aol/ i Aol/ b

Qt+1 =

and & and &, are the distinct solutions to

1 /1+3+ ﬁAl/A())
—— 45
=5 (T (45)
N 1(1+ﬁ+ﬁA1/A0>2_ 1
4 LAy /A BAs/Ay
Note that, equating powers in the lag operator, we have
A, B Ay B Ay
pae="1md A3 (6 +&) =1+ 6+ 57, (46)
so that )
= 47
= G BA /A )
and each root satisfies
1 A
GBA Ao+ — =1+ B+ . (48)
&k Ag

Thus, for saddle-path stability and uniqueness of the equilibrium path, it is necessary
and sufficient that (w.l.o.g.)
0<& <1<é. (49)

Figure 1 plots the expression on the LHS of this equation for the case that
fAs/Ag < 1. In this case, it is clear that (49) will hold if and only if

otherwise it will hold that 1 < & < &. Figure 2 plots the expression for the case
that SAy/Ag > 1. Once again, we see that (49) will hold if and only if (50) does;
otherwise it will be the case that & < & < 1. (This analysis can be compared to
that on pages 201-202 of Sargent (1987). )

Although it seems difficult to interpret (50) generally, it can be seen to hold for
1o close enough to zero.

14
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Figure 1: SA3/Ap < 1 case.

Solving the “unstable root” forward, we have’

X 1 o1\t
(L' =¢&) 21 = 54,/ A (L - 5_5) E,Qui1

- g (= 86L7) " BQu

2Hereafter, I will write £ for the “stable root” &, where there can be no confusion.
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Figure 2: SAs/Ag > 1 case.

or
AT i(ﬂ&)j B Sy, - B
N ﬁAzl/Ao 2 (B¢ E, {5 (Algoj’z)wnftﬂ CB(AL- \Ifji:un (1-a) ﬁtﬂ}
" A% {\112:;777% _ (11/_ %) ”ut}
s i sey i { [T S8

B {(Al —Pwn(d—a)  &¥w(l— 04)77} ﬁtﬂ} .

14 14
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To evaluate these expectations, we may apply formula (91) on page 304 of Sargent
(1987). Letting p (L) 7 = (1 — prL — po L?) 7, we have that

o0

E, Z (55)J Tivj =g (L) 7y
§=0
where
— p(88) = :
=7 L —p1BE — pa (35)2
g1 = BEgopa = Bep: 33
L — p1BE — pa (BE)
thus
- i A 1 A BEpa A
E, Ty = ¢+ —
jz:; B Fera =12 P86~ pa (56 1= piBE — pa (BE
Then
E, Z (55)] Pipj = —T¢ + Ej Z (55)] Titj
j=1 Jj=0

__»BEm (B Bp .
1—pBE—pa(BE)? " 1—pifE— pa(BE)?

Similarly, it is easily seen that

Ey Z (ﬁf)J Upyj = 116—55651%'

j=1
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It follows that
Y 1 1—
PRy _l_Ai{ 2W77gt_ aw ( C“)Wﬁt}
2 14 14
1 |:(A1 - ‘1’2) w 1 51‘1/2(077}

14 v

L= B —ps (B2 1= piBE—po (B
1 {(Al —Vy)wn(l—a) N & Pow (1 — 04)77} XB¢ .

/31551+/)2(ﬁ§)2 P BEp2 7 ]

B A_2 v v 1-— Xﬁg“t
_ EWawn 1 (A —Uy)wn 51‘1’2W77] p1B&1 + p2 (55)2 .
e { A s { v T 1—p1BE — pe (55)2] }Tt

B §‘I’2W(1—a)n_i{(Al—\lfz)wn(l—a)+€1\I’2w(1—@)n] x5¢ }ﬁ
v v 1—xBef "

AQV A2

This solution for the endogenous state variable can be plugged into (44) to derive
an expression for m, as a function of exogenous variables. To understand the nature
of the implied reduced form econometric “money demand” equation, one then needs
to obtain the projection of 4; upon observables, current and past m; and 7;. Such an
analysis is carried out for the case that 1)y = 0, and where 7; and #; are serially and
contemporaneously uncorrelated. Apparently, the reduced form will have the same
general configuration in the general case, except that the reduced form coefficients
will be functions of an expanded constellation of parameters. Of note, however, is the
fact that the vector consisting of the log-money income ratio and the log opportunity
cost follow a VARMAX(3,1) representation, where the exogenous variables (the “X”)
are a constant and trend.

4 Numerical Solution and Estimation

4.1 Uhlig Formulation
With reference to the formulation in Uhlig (1999, subsection 6.2), I let

& = (»’:‘t—h %,t),,

and
= (TAt772t717 ﬁt),-

18



The system of equations of interest are written as

0= A& + B&—1 + Cy + DG
0= FEy [F&y1 + G& + HE 1 + T + Kby + L1 + MG
Cer1 = NG + wigq.

Here, the first matrix equation is constituted of (39)-(41) and (43) ; the second equa-
tion is a representation of (42) ; and the third equation implements the law of motion
of the exogenous variables in (37) and (38). More precisely, letting ¥ = vy1); /L, the
matrices A-N are defined as follows.

0 Uy./¢ 0 0
| A=v) /v 0 B 0 0
A= 0 0 B=1 9 o |
1 0 -1 —1
U(A—v/pN 0 —[1+Tv/(n)\)]
C— —(0=1) /v —0
—0 ~1 —0 ’
0 0 0
0 0 0
_| O 0w
P= -1 0 —a |’
0 0 0

The 3 x 1 serially uncorrelated innovations vector is
wipr ~ N (Oa E) :

A “solution” to the linearized system is a time invariant decision rule character-

19



ized by matrices (P, Q,R,S) such that the recursion

&= P&-1+ QG

Yy =R&-1+SG
satisfies (39)-(43), where initial conditions {_; are taken as given. Uhlig shows (The-
orem 2) how to solve this system numerically; and he shows that the system is stable

if and only if all of the eigenvalues of the matrix P are strictly smaller than unity in
modulus.

4.2 Data

I use data on the logarithm of the narrow money-income ratio m;, and the loga-
rithm of the opportunity cost 7, = log [i;/ (1 4 i;)] , where i; is the commercial paper
rate. The data is described more fully in the text of the paper.

4.3 State-Space Formulation

The state-space formulation with observables vector
b = (g, 7))

and state vector
/

& = (ftthH)l = (Zt-1,Yz,ts Pty P, Uryr)

has measurement equation?

R S
= th—i_—l + ggt7

where R and S are the second rows of the matrices R and S defined previously;

gt = (17t) ; ~
_( Hm g .

3The timing and the notation of the state-space form used here is meant to be conformable with
that in chapter 3 of Durbin and Koopman (2001).
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and the state-transition equation is

f;r:<7g /\Q[)§;L1+

=T+ Huy

Wy,

OO = OO
_ oo O O O

where
‘. u !
wy= (e, €y ) ~N(0,5).

Here, fim, jir, and 7, are parameters that implement detrending of the data.*

4.4 Initialization of the Kalman Filtering Algorithm

The unconditional distribution of & under the model is normal with mean (5-
vector-) zero and variance Vj satisfying’

Vo = TVIT + HEH

or
vecVy = [Ios — (T @ T)] " vec (HEH) .

4.5 Implementation

Now given a vector of the model’s parameters satisfying the appropriate restric-
tions (including fi,, ¥4, and p,. ), we solve for the equilibrium policy rules (P, Q, R, S) .
Together with the matrices A/ and X, these objects completely define the state-space
form for the given parameterization. Next, the Kalman filter implied by the state-
space formulation is applied to the data (my,7;) described above to factorize and

4With respect to the parameters of the model,
My = My — Hm — t’?q

and
Ty = Ty — Hr,

so that ¥, = alog 7y, tm is a normalizing constant, and p, =log7.
’See Hamilton (1994), chapter 13 pps. 278-9.
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evaluate the likelihood of the parameterized model. The estimation algorithm in-
volves a search over parameter vectors for the one that maximizes this likelihood.
(Some restrictions on identification of these parameters are discussed in the paper.)
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