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1. Monopoly

Revenue function:
Cost function:

where
e ¢ = the firm’s output
e w = the wage rate
e p = the rental rate of capital services

The revenue and cost functions may also be a functions of exogenous shift
variables (for example, the income tax rate, or the level of a social insurance tax).
Such relationships are suppressed for notational simplicity.

The cost function is derived as the solution to the constrained optimization
problem

Clg,w p) =minwl +pK x f(K,L) 2 q,

where f (K, L) is a neoclassical production function that is assumed to have all
desirable properties.

The cost function is homogeneous of degree 1 in input prices.
Profit

W(Qawap) :R(Q)_C(Q7wap)

The profit function is homogeneous of degree 1 in output price and input prices.
Let
q(h) = argmax[q, (1 4+ h)w, (1+ h) p]
q

for h > 0, and with some abuse of notation
R (h) = Rlg ()] .

Since ¢ (h) depends on factor prices [(1+ h)w, (1 + h) p], so does R (h).
Then

R(h) = Clg(h),(1+h)w,(1+h)p] = R(0) = Clg(0),(1+h)w,(1+h)p].

Because the cost function is homogeneous of degree 1 in input prices, this can
also be written

R(h) = (1+h)Clg(h),w,p] = R(0) = (1 4+ 1) Cq(0),w,p].
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It is also the case that
R(0)—Clq(0),w,p] = R(h) = Clg(h),w, 0],
so that
(1+h) R(0) = (1+h)Clg(0),w,p] = (1 +h) R(h) = (1+h)Clq (h),w,p].
Add the two inequalities:

R(h) = (L+h)Clg(h),w, pl + (1 +h) R(0) = (1 +h)Clg(0),w,p] =

Taking the limit as h — 0, we obtain 1), the Rosse-Panzar statistic:

OR (h) w@R [(1+h)w, (1+h)p| N p@R[(l + h)w, (1+h)p]

_ <0
oh ow dp -
IR (h) OR(w,p) =~ OR(w,p)
= <
0w Py =0
v = 1L OR(W| __w ORwp) _ p OR(wo) <o.
R(0) Oh |,y R(w,p) 0w R(w,p) 9p

This is Theorem 1 of Panzar and Rosse (1987): the elasticity the sum of the
factor price elasticities of a (profit-maximizing) monopolist’s reduced-form revenue
function is nonpositive.
Define B
E=1+h R(k)=R(k—-1);

then N
1 OR(h) 1 OR(k)

(0) oh |,y R(@1) Ok

and 1 is also the elasticity of revenue with respect to a scalar increase in factor
prices, holding relative factor prices constant.

(G

k=1



e ) can, in principle, be estimated with data on revenue and factor prices.

— in contrast, estimation of an oligopoly Lerner-index equation requires
data on revenue, expenditures on variable factors, and the value of the
capital stock.

— measuring the firm’s rental cost of capital services is problematic (as is
measurement of the economic value of capital stock in the Lerner-index
approach).

e an estimated ¥ > 0 permits rejection of the hypothesis that the firm is a
monopolist.

2. Monopolistic competition

Assume

e there are n identical firms (more on this below);

e the (perceived) inverse demand function facing a single firm is p (¢, n), with

?<0 g_p<0 g(—%)z(l
q n n 9%

The second assumption implies that % = %q < 0. The last assumption is
that the price elasticity of demand facing a single firm does not fall as the
number of firms rises.

e the number of firms adjusts until profit per firm equals zero.

The equations defining industry equilibrium are

OR(q,n) 0C(q,w,p)
dq dq

R(g,n)—C(q,w,p) = 0.

Differentiate with respect to w:

(1)

=0

OR(a,n) 8¢ 8 R(g,n) 0n _ [0°Clq,w,p) 8g  8°Clg,w,p)

02 Ow 0qon  Ow 0q? ow 0qow
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OR(g,n) 0q  OR(g,m) On _ [9C (g, w.p) Og | 9C (g, w,p)| _
dq Ow on  Ow dq ow ow -
(2)
OR(q,n) 9*Cla,w.p)] Og  PR(gn)on _ 0*C(q,w,p)
0q? 0q? Ow dgon  Ow 0qow
OR(q;n) 0C(q,w,p)| 9q L 9R(gn) OR(g,n) On  9C (q, w, p)
dq dq ow on  ow ow

In the first equation, the coefficient of g—g) is negative by the second-order condi-
tions for the firm’s profit-maximization problem.
In the second equation, the coefficient of g—i is zero by the first equilibrium

condition.
82R(q7n) _ 82C(q7w7p) 82R(Q7n) Bq 82C(q7w7p)
Oq> Oq> dqon w — Hqdw
0 9Rlgn) on 0C(g.w.p)
an ow ow

(3)
_ [0°R(q,n) 0°C(q,w,p)] OR(q,n)
b= l o 0q? ] on

be the determinant of the coefficient matrix on the left. Then

Bquvn) _90 ;3%1 ") 92C(q,w,p)

_ " n dqow

D ( ) = 0 PRaw CGwe) 90 (Ggvyp)
0q? 0q? Ow

dq¢ 1 [0R(g,n)*C(qw,p) IC(qw,p) PR (gn)
w D on dqow ow dgon |’

By Shepherd’s Lemma,

>0

SHESS

oC (q,w, p)

L =
ow ’

hence

9q _ 1 [0R(g,n)0L  9R(q,n)
w D on  dq dqon |’

Differentiate the second equilibrium condition
R(g,n) —C(q,w,p) =0
with respect to w:

8_R_8_C’@+0C’ 808q+
ow Oqow Ow  Iq dw



In the same way
dqg 1 [0R(g,n) 0K K5’2R (g,n)
op D on 5’q 0qon
OR _ 0C 0q L9 oC _ 9C dq
8p dq 8p op dq 8p

Calculate the monopolistic competition value of ),

p=LOR  pIR
RoOow R Op
w 19C % £ 19C%
R | Oq ow R | 0q Op
wL+pK | 10C( 00 0
R Raq \"ow "oy
_C 1o o 0
R Roq Yow p@p
B 10C 0q dq
_1+R0q< w 30)

(by the second equilibrium condition)

—1+
1 oC OR (q,n) OL 9*R (q,n) OR(g,n) 0K 9*R(q,n)
RD 0q {w [ on  dq L dqon tp - on 0q -k dqon
B 1 0C (OR(q,n) | OL 0K 9?R (q,n)
_1+RD5’q{ n l “oq P ] (WL +pK) =5 on
L, 100 (R AC_ PR
N RD 0Oq on  Oq Oqon

L. L OR[OR(gm) IR  0R(zn)
N RD 0q on  dq dqon

(by the firm profit maximization condition and the zero profit condition.)

Now
R =pq
OR  Op
o~ Lon



or_ o
0q - P q@q
R Op *p
0qon  On dqon
OROR LR _ p( )\ _ (0 P _
on 0q dgon qan b qaq Pa on qaqé’n N
o (Opdp  Pp
l rtrnl :
0q On 0qon
Fhen 2 0R (0po 0?
b1+ LOR (O O\
RD 0q \ Ogqon 0qon
The price elasticity of demand is
LD
and
de |9 E 1ok | R P
on 2 N 2
(4%) (%)
which we have assumed to be nonnegative. Then
Op Op &*p op\? de
= a. P =—q|l5:) 75220
0q On dqon dq/) On
and 2 0R (Opo 0?
b1+ LR (pdp O
RD 0q \ Oqon 0qon
3 2
_ 1. L OB (Op\"0e
RD 0q \0q) 0On

Going through a similar analysis, Panzar and Rosse show that ¢ = 1 in long-

run equilibrium of a perfectly competitive industry.

They discuss symmetric

conjectural variations oligopoly, but are not able to obtain comparable results.

Remark:

it is common to assume in theoretical work that firms are

identical, so that equilibrium is symmetric. This is not acceptable in
theoretical models that are to be the basis of empirical work, since it is
known that real-world firms are not identical. Normally, it is possible
to generalize analyses that assume identical firms to the case of differ-
ent firms, at the expense of an increase in the algebraic complexity of
the problem but without increasing the level of technical difficulty.



3. The R-P statistic and the Lerner index

The Rosse-Panzar statistic is

w_ OR(w.p) _ p OR(wp)
R(w,p) Ow R(w,p) 9p

Y=

Now interpret ¢ as the output of a single firm in an oligopoly.

OR 0RO  OR _OROg
dw  0q dw dp  0Oqop

From the first-order condition for profit maximization

or(q) _OR(qg) 9C(q,w,p)
0q dq 0q

0,

we have

O’r(q) _ *R(q) 0°C(q,w,p)
0q? 0q? 0q?

(by the second-order condition for profit maximization) and

<0

=0

O’R(q) 0g _ [0°Cla,w.p) Og  *Clg,w,p)
02 ow 0q* ow 0qow

[023(61) _PCgw, p)] g _ 9°C(q,w,p)
dq

0q? ow 0qow
0*m (q) 9¢ _ 0°C(q,w, p)

0¢®> Ow Oqow

82C(q,w,p)
@ _ quaw s _ qu
Ow 8%(2(1) Taq

In the same way

820 (q,w,p)

9 _ oup— _ Car
= — =

9p 8Tq(2q) Tqq

Substitute in the expression for the Rosse-Panzar statistic:

quw Rpcqp_ Ry

Cw C
1R qRﬂ'qq Ry, (w quw TP qp)

¥ =R,



The cost function is homogeneous of degree 1 in input prices; so, therefore, is
the derivative of the cost function with respect to output:*

h

Cq (QJ /\w7 )\,0) = }llli%

C'(q—l—h,w,p)—c(q,w,p)

= Alim h = \C, (¢, w, p)

h—0

Differentiate
Cy (¢, Mw, Ap) = A\Cy (g, w, p)

with respect to A:
wCyy (q, Aw, Ap) + pCy, (g, Mw, Ap) = Cy (g, w, p) .

Set A = 1:
wCqu (¢, w, p) + pCop (¢, w, p) = Cy (g, w, p) -
Substitute in the expression for the Rosse-Panzar statistic:

CRG, (R
Rmyq Ry,

R
(8 — (wCquw + pCl)

Rmyq

(using the first-order condition for profit-maximization).

We have used e to denote the industry price elasticity of demand. Let ¢ denote
the firm’s price elasticity of demand. In (for example) a conjectural elasticity
model of a market producing a homogeneous product,

e
€= ————m—,
a+(l—a)s
where s is the firm’s market share.
Following Shaffer (1982), the firm’s marginal revenue is

B op qop\ 1
Rq—p+q8q—p(1+paq)—p<1 £>'

1See Rosse and Panzar (1977, p. 7). I am grateful to Sherrill Shaffer for discussion for this
proof.



Differentiate

with respect to ¢:

(Y222,

+ L= 0,

ga_q - Yag

I
VR
Nl |
[N}

+ 350~ Cuo

Substitute in the expression for :

%= —— (1 —m)’

qTqq
= P (1 —m)?
q m(m—l)g—i—s%g—Z—qu]
(m—1)°
m(m —1) —i—e%g—f] - %qu'
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As noted by Shaffer (1983),% if the price elasticity of demand is constant and

cost is linear in output, this reduces to

po1o L

m

In oligopoly, the firm’s price elasticity of demand will not, in general, be con-
stant. For example, if industry price elasticity of demand e is constant, the firm’s

price elasticity of demand
e
E=———
a+(l1—a)s

varies with the firm’s output (s = ¢/Q).
Alternatively, note that for the case of linear inverse demand

p=a—>bQ

the industry price elasticity of demand is

e _pdQ_a-bQ _a
S QA QW

and this falls as industry output rises:

Oe

— < 0.
oQ
By analogy, assume that the firm’s price elasticity of demand falls as firm
output rises:?
Oe
— < 0.
dq
If in addition cost is linear in output, we then have
—1)? —1)? 1
(-1 m-1 1
m

Y = 5
m(m—1)+€%g—q m(m—1)
and
1
—>1—1
m

<1
ml_w.

2Also noted by Panzar and Rosse (1987), in the context of a constant price elasticity of
demand, Cobb-Douglas technology example.
3In a conjectural model, an expression for g—z could be explicitly calculated; see below.

11



Estimation of ¢ then implies a straightforward upper bound on the firm-specific
Lerner index.

In the context of specific oligopoly models, something more can be done. Sup-
pose cost is linear in output (Cy, = 0); then

(m—1)°
m (m 1)+%

Y =

Q)le

If conjectures are constant,

Q—-q—aQ_

_(1-a0)Q
02
_ (1—a)(1-ys)
Q
Oz [a—l—(l—a)s]gg—e%%_s)
dq o+ (1—a)s]

If the industry price elasticity of demand is constant,

@: —e (1-—a)*(1-s)
¢ o+ (1—a)s] Q
(m—1)*

m(m—1)+

< 0.

(S

U
S
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(m—1)°

Y= -
_ _q e (1-a)*(1—s)
m (m 1) £2 [OéJr(l*Oé)S]Q Q
¢ _ (m _ 1>2
m(m—1)— E%m(l —a)’s(1—ys)
Substitute .
T o+ (1—a)s’
e (m =17
= . 5 )
m(m—l)—ém(l—a) 8(1—8)
(m —1)*
o 1 (1—a)?s(1—s)
m(m—1) = S
and substitute m = 1/¢
(m -1
B 1—a)?s(1—s
mW—U—m%ﬁﬁﬁ
_ (m - 1)°
o (1-a)2s(1—s)
mm—1-— at+(l-a)s ]
1— 1L

] — _(1=0)?s(1—s)
(m=1)[a+(1-a)s]

1-—1

1— (1—a)?s(1—s)

(m—1)me

In the case of matching conjectures, we have once again

1
h=1-——.
m

Matching conjectures imply that oligopolists as a group mimic the behavior of a
monopolist. Since m < 1, 1/m > 1 and with matching conjectures and a constant
industry price-elasticity of demand

1
p=1-—=<0,
m

consistent with Panzer and Rosse’s (1987) Theorem 1: the monopoly Rosse-Panzer
statistic is nonpositive.
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More generally, from

1-1
Y= 5
_ (1-a)*s(1-s)
1 (m—1)me
we obtain .
m=———— [\ + 42 — dpz — (¢ — 2) |,
s |V =2
where

- (1—04)23(1—3)‘

Once again, estimation of ¢ implies a value of the Lerner index m.

4. Postscript

To estimate the Rosse-Panzar statistic it is not necessary to have data on output
or input levels. It is necessary to have data on the firm-specific rental cost of
capital services, and in a qualitative sense this involves difficulties of the same
kind that arise in measuring the economic value of a firm’s capital stock.

In contrast to received analyses based on the Lerner index, the Rosse-Panzar
statistic does not give a clear indication whether firms or (on average) an industry
exercises market power, nor does it make it possible to relate the extent to which
firms exercise market power in terms of the market structure or firm conduct.

It might prove interesting to extend the analysis that leads to the Rosse-Panzar
statistic to allow for asymmetric firms (for example, different unit costs).
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