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The first player to make a bad move loses the game.

Japanese proverb.

1 Introduction

Game theory suffers, literally, from a bad name. Game theory, at least
as applied to industrial economics, is no more the theory of games than
imaginary numbers are imaginary. Any electrical engineer will testify that
the analysis of imaginary numbers has important real-world implications,
and any industrial economist will testify that game theory has important
real-world implications. It might be more appropriate to label the discipline
that is called game theory “interactive decision theory” (Aumann, 1987) or
(at least as regards applications to industrial economics) “theory of strategic
rivalry.” But names of disciplines, like names of people, are inherited. It is
better to try to understand the discipline rather than to try to rename it.
Here we consider the elements of game theory that have been most useful for
industrial economics.!

2 Modeling interactive behavior

Suppose that the Marx brothers meet for a poker game. What would we
need to do to formally analyze the game??

To begin with, we would have to identify the players — Groucho, Chico,
Harpo, and Karl. We would have to specify the rules of the game: aces are
high, deuces are low, and so on. Sometimes particular players can select the
rules of the game (if the dealer wishes, he can make one-eyed jacks wild).
The circumstances under which this would be possible, and the universe of
rules from which the dealer could select, would have to be indicated. The
rules of the game include the procedure for selecting the dealer and the order
of play — first the player to the immediate left of the dealer, next the player
to the immediate left of the second player, etc. We would have to specify the
choices or options available to each player — to pass, to draw cards, to ante,

1See Friedman (1977; 1983b, ch. 9; 1986); Aumann (1985a); Shubik (1981); Tirole
(1983, 1988); Fisher (1989) versus Shapiro (1989); Fudenberg and Tirole (1989); Rasmusen
(1989); Kreps (1990a, b); Sutton (1990); and Roth (1991). See also the following entries
in Eatwell et al. (1987): cooperative equilibrium; cooperative games; cores; game theory;
games with incomplete information; Nash equilibrium; large economies; non-cooperative
games; oligopoly and game theory; prisoner’s dilemma; repeated games; Shapley value.
?For a capsule summary of the rules of poker, see Binmore (1990, p. 96).



to call, to fold, and so on. We would have to specify the way the winnings or
losses of each player — the payoffs — depend on the strategies of all players.

We would have to specify what each player knows. Each player knows
who the other players are, and each player knows the rules. Each player
knows how the dealer is determined, and each player knows his own cards.
At any point in a hand of poker, each player knows what all preceding players
have done in that hand. We would have to specify the payoff or reward to
each player — what he or she would get, as a function of his or her strategy
and of the strategies of all other players.

This is quite a lot, but we are not done yet. What we have described is
perhaps sufficient to characterize a single hand of poker. But an evening of
poker will ordinarily include many hands. Behavior in an evening of (say)
120 hands of poker may be different from behavior for a single hand of poker.
In a game that consists of many single hands of poker, a player might bluff in
early hands to establish a reputation that could be exploited in later hands.

For such an expanded game, we would have to include in the rules of the
game those rules that determine how many hands are played. The description
of information also changes for the expanded game. In an evening of poker,
the information available to each player is greater than for a single hand —
in an evening of poker, each player knows what all players have done in all
preceding hands, as well as what all players have done in the current hand.
This expanded information set creates the possibility for bluffing mentioned
above.

We may need to consider a still more expanded game. The Marx brothers
may meet once a week — every Saturday night — to play poker. In this case,
the game is really a large series of hands of poker, spread over several weeks.
We would want to expand the list of players to include potential players —
Zeppo, for example — who might show up on any particular Saturday night.
Once we admit the possibilities of potential players and successive evenings
or rounds of play, we have to consider the possibility that the game might go
on forever, even though the identities of the players might change.?

Poker is too difficult a game to analyze for present purposes.* But it
ought to be recognized that poker, as described above, has much in common
— at least in a formal sense — with oligopoly. In oligopoly, there are a limited
number of actual and potential players — firms. They know the rules. Each
firm ordinarily knows its own “hand” — its costs, its market — and has only
guesses or inferences about the “hands” — costs and markets — of other firms.

3Recall the musical Guys and Dolls, which revolves around “the longest-running floating
crap game in the City of New York.”

*For analyses of versions of poker, see von Neumann and Morgenstern (1944); Nash
(1951); Luce and Raiffa (1957, p. 456).



Each firm must make decisions about current actions — the current “hand”
— but knows that the game — the search for profit — will go on. And if the
players are firms, which have lives of indeterminate length, it is reasonable
to consider games that go on forever.

3 Formal representations of a game

The elements of the poker game described above include
1. a list of players;

2. a specification of actions available to each player at each point in the
game;

3. the relation between actions and payoffs;

4. the information structure of the game — what each player knows, when
he knows it, and what each player knows about what each other player
knows.

5. other rules of the game — concerning shuffling, cutting the deck, deter-
mining the dealer, and so on.

Depending on the purpose for which a game is being analyzed, some
of these elements will be more important than others. Corresponding to
these differences in emphasis, game theorists have developed three ways of
describing a game — the extensive form, the strategic form, and the coalitional
form.

Each highlights different aspects of a game, and each may be most use-
ful depending on the problem at hand. We confine our attention here to
the extensive and strategic forms, which are most widely used in industrial
economics.”

3.1 The extensive form®°

The extensive form provides the most comprehensive description of a game.
It provides a complete specification of the interactive process of a game (Shu-
bik, 1985, p. 91).

5Shubik (1981, 1987); Friedman (1986, pp. 14-8).

®For discussions of the extensive form, see von Neumann (1928), Kuhn (1953), Luce
and Raiffa (1957, pp. 44-9), Friedman (1977, pp. 146-8; 1986, p. 11); Shubik (1981,
287-9; 1982, ch. 3). For formal definitions in a research context, see Selten (1974, pp.
25-T) or Kreps and Wilson (1982a, pp. 865-9).
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As an example, consider the extensive form of a game that is rich in
lessons for industrial economics — the Prisoners’ Dilemma.” Scotland Yard
has called in Professor Moriarty and Colonel Moran for questioning in con-
nection with a number of heinous crimes. As the investigation has proceeded
under the skilled supervision of Inspector Lestrade, however, evidence is a lit-
tle weak. The two suspects are questioned separately, and are not permitted
to communicate.

In this game, there are two players: Professor Moriarty and Colonel
Moran. Each player has one turn, and the turns are simultaneous. Simulta-
neous play need not mean that plays are made at the same instant of time,
although it may mean this for some games (see Problem A.1 and the descrip-
tion of scissors—paper—stone). The essential element of simultaneous play is
that each player moves without knowing the move of the other.

Fach player has two possible strategies — to maintain an air of outraged
innocence (“I demand to see my solicitor at once!) or to cravenly confess (“’e
‘ardly screamed when I ’it 'im with my ’atchet, guv’'nor”).

If both players maintain innocence, then Scotland Yard has only enough
evidence to put them on probation for a year. This will interfere somewhat
with their professional activities but is much preferred to going to prison.

If only one player confesses, he will be placed on probation for six months,
while the other will be sent to prison for five years. If both players confess,
they will both be sent to prison for two years.

Most of the essential elements of the Prisoners’ Dilemma game can be
illustrated with the game tree shown in Figure 1.

The game tree begins at decision node Dy, where it is the move of Profes-
sor Moriarty. Two branches, each representing a possible action, lead from
D; to Colonel Moran’s information set — the cartouche containing decision
nodes Dy and D3. The branch on the left, labeled I, shows the course of the
game if Professor Moriarty chooses to maintain his innocence. The branch
on the right, labeled C, shows the course of the game if Professor Moriarty
confesses.

When the game reaches Colonel Moran’s decision set, he knows that it
is his turn, but he does not know Professor Moriarty’s move — he does not
know whether he is at Dy or D3. He only knows he is in his information set
(which, as noted by Shubik (1981, p. 288), it would be more appropriate to
call a “lack-of-information set”).

As an analytical device, the information set permits us to model simul-

TAxelrod (1984, p. 216) attributes the Prisoner’s Dilemma game to Merrill Flood and
Melvin Dresher. For discussions, see Luce and Raiffa (1957), Axelrod (1984), Anthony
(1986, pp. 266-9), Rapoport (1987), and Rasmusen (1989, p. 38).



D, Professor Moriarty

I = outraged = craven
innocence confession

2 Colonel Moran D3
Ty
—1 —5 1/2 ‘—2‘
-1 1/2 —5 )

Figure 1: Game tree for the Prisoners’ Dilemma: D;, Dy, and D3, decision
notes; 11, Ty, T3, and Ty, terminal nodes; D; (Professor Moriarty), Dy and
D3 (Colonel Moran), information sets; strategies, confess (C') or maintain
innocence (I); payoff vectors, first element shows probation or prison time
for Professor Moriarty, second element probation or prison time for Colonel
Moran.



taneous moves. We could relabel Figure 1, placing Colonel Moran at D,
and Professor Moriarty at the information set containing Dy, and D3, and
the game tree would represent the same extensive game. The essential ele-
ment is that neither player knows the other’s move when he makes his own
decision.

This example illustrates a more general point: game trees are not unique.
It is often the case that different game trees can be drawn to represent the
same game in extensive form.

There are four branches from Colonel Moran’s information set — two from
D, and two from Ds3. Since a player does not know exactly where he is in
his information set, his choices must be specific to the information set rather
than to decision nodes within the information set. Thus the same number of
branches, indicating the same choices, must descend from each decision node
in an information set. The branches going to the left indicate the course of
the game if Colonel Moran maintains an air of outraged innocence, while the
branches going to the right show the course of the game if Colonel Moran
cravenly confesses.

The four branches coming from Colonel Moran’s information set lead to
four terminal nodes — 711, 15, T3, and T;. The game must end at one of these
nodes. The column payoff vector below each node shows the payoffs to the
two players if the game ends at that node. Players are modeled as seeking
to maximize their payoffs. Payoffs are thus expressed as negative numbers,
since prison or probation time is a bad, not a good. The upper element in
the vector is Professor Moriarty’s payoff, and the lower element is Colonel
Moran’s payoff. For example, at T, Professor Moriarty has maintained his
innocence but Colonel Moran has confessed. If the game ends at T5, Professor
Moriarty goes to jail for five years, while Colonel Moran receives six months
(1/2 year) probation.

3.1.1 Information concepts

The extensive form includes a complete description of the information char-
acteristics of the game. Some of the information characteristics can be illus-
trated on the game tree; others cannot.

Perfect recall If players always remember their own moves and other in-
formation of which they were once aware, then the game is one of perfect
recall. Otherwise, it is a game of imperfect recall.®

8Shubik (1982, pp. 37-8); Friedman (1986, pp. 9-10).
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Figure 2: Game tree for one play of Odds & Evens.
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Figure 3: Game tree for two plays of Odds & Evens with imperfect recall

Figure 2 shows a game tree for one round of Odds & Evens. Two players
simultaneously hold out any number of fingers on their right hands. The
possible strategies are to hold out an odd number or an even number of
fingers. If the total number of fingers is even, player 1 wins and player 2
pays player 1 a euro. If the total number of fingers is odd, player 2 wins
and player 1 pays player 2 a euro. As with the information set for Colonel
Moran in Figure A.1, the information set for player 2 in Figure 2 indicates
that when player 2 makes his move he does not know the move of player 1.

Figure 3 shows a game tree for a repeated game that consists of two rounds
of Odds & Evens with imperfect recall.” The first two layers of Figure 3 are
essentially the same as Figure 2. The terminal nodes 77, T3, T5, and T} in
Figure 2 have been relabeled as decision nodes Dy, D5, Dg, and D7 in Figure
3. At any of these decision nodes, it is player 1’s move.

Player 1’s situation, halfway through the game, is the same at decision
nodes Dy and D7 — he is ahead €1. In Figure 2, these decision nodes are
in the same information set — player 1 does not distinguish between D, and
D, when he makes his choice in the final round. He does not remember the
sequence of moves that put him ahead in the game — he only knows that he is
ahead. Similarly, Ds and Dg are in a distinct information set — one in which
player 1 is behind €1.

IStrategies here are ordered triples. (O, E, Q) means player 1 plays odd on his first
move, even on his second move if he is ahead €1, and odd on his second move if he is
behind €1.
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Since the players move simultaneously in the second round of the game,
player 2 could have up to four information sets. One information set would
contain Dg and Dy, one would contain Dy and D;5, one would contain D1,
and Ds3, and one would contain D4 and D;5. For such a game, player 2
would have perfect recall — he would know whether he was ahead or behind,
and would know whether his previous move was odd or even. For the game
tree in Figure 3, however, player 2 has only two information sets.

One — containing decision nodes Dg, Dy, Dy4, and D;5 — shows nodes
where player 2 is behind at the start of the second round. This corresponds
to the fact that player 1 is ahead at nodes D, and D;. Player 2’s other
information set — containing decision nodes D1g, D11, D12, and Dy3 — shows
nodes at which player 2 is ahead at the start of the second round. For the
game shown in Figure 3, player 2 does not remember the precise sequence of
moves when he takes his second turn — he only knows whether he is ahead
or behind at that point in the game.

Perfect Information If every information set contains exactly one deci-
sion node, then information is said to be perfect. If information is perfect, a
player knows exactly where he is in the game tree whenever it is his turn. If
some decision sets contain more than one decision node, as in Figure 2, then
information is imperfect.

Imperfect information commonly arises in oligopoly. For example, Stigler
(1964) identifies a particular kind of as a problem for collusion under oligopoly
when colluding firms are unable to monitor each others’ outputs. If a collud-
ing firm notices a decline in its sales, that decline may reflect no more than
the continuous random movement of customers from one supplier to another.
Alternatively, the decline may result from secret price cuts offered by some
other firm that is party to the collusive agreement. If we were to describe
this in terms of a game tree, we would picture the typical firm as moving at
an information set containing two decision nodes. At one decision node, all
firms have maintained the collusive agreement. At the other decision node,
at least one firm has broken the agreement. Information is imperfect because
at its information set the firm does not know where it is in the information
set — it does not know whether rivals are cheating or not.

Complete information Another essential distinction is that between com-
plete and incomplete information. If information is complete, each player
knows everything there is to know about the structure of the game — not only
his own choices at his own information sets, but also the choices available
to other players at their information sets. In a game of complete informa-

11



tion, the player knows the game tree and everything else that is part of the
extensive form.

Harsanyi (1967-8) shows that it is possible to replace a game of incom-
plete information with a corresponding game of complete but imperfect in-
formation. For example, consider Stigler’s model of collusion in oligopoly.
Players move simultaneously. Each player decides to adhere to the collusive
agreement or to defect. Each player knows that demand is high or low, but
does not know which. This is a game of incomplete information, since players
do not know the state of demand when they make their moves.

D, (Nature)

7, = Pr(low demand) 1 — 7y, = Pr(high demand)
/7 N
D2 Firm 1 D3
A D A/ D
5 Firm 2 6
T Ty Tt

Figure 4: A move by nature in Stigler’s collusion game; A indicates player ad-
heres to collusive agreement, D indicates player defects from collusive agree-
ment.

This game of incomplete information is equivalent to the complete but
imperfect information game shown in Figure 4. Here the first move belongs
to an abstract player, nature, who (from the point of view of the players) sets
demand at either a high level or a low level. In this reformulated game, it is
natural to think of players independently maximizing their expected payoffs,
using the probabilities they assign to each of nature’s moves. (Payoffs, which
should follow the terminal nodes, have been left unspecified.) The advantage

12



of this formulation is that it allows analysis of games where players do not
know everything there is to know about the structure of the game.'

Common knowledge!! Closely related to the distinction between com-
plete and incomplete information is the specification of common knowledge.
Common knowledge includes all facts that are known to all players, that are
known to be known to all players, that are known to be known to be known
to all players, and so on. This is an infinite regress. The structure of the
game itself, at least up to the kind of Harsanyi transformation illustrated in
Figure 4, is taken to be common knowledge. Rationality of players is also
taken to be common knowledge.

Summary The extensive form of a game consists of

1. the initial conditions of the game, including a specification of common
knowledge;

2. the game tree and division of the game tree into information sets (which
includes rules for determining whose turn it is and the moves available
to a player whenever it is his turn);

3. the information a player has whenever it is his turn;

4. the payoffs to each player as a function of the moves of all players.

In essence, the extensive form is an exhaustive description of all elements
of the game. A game in extensive form is said to be finite if it has a finite
number of players, each of which moves at a finite number of points and has
a finite number of moves at each point.

3.2 The strategic form!?

The strategic form of a game emphasizes the relationship between strategies
and payoffs, and leaves the detail of the extensive form aside. The strategic
form of a game has three elements:

10See Kreps and Spence (1985) for a discussion of the use of Harsanyi’s method in
industrial economics.

See Aumann (1976), Milgrom (1981), Brandenburger and Dekel (1989), Rubinstein
(1989a), and Binmore and Brandenburger (1990).

12For discussions of the strategic or normal form, see von Neumann and Morgenstern
(1944), Luce and Raiffa (1957, Chs 3 and 7), Friedman (1983b, pp. 211-2; 1986, Ch. 2),
Shubik (1981, pp. 289-91; 1982, Ch. 3), Aumann (1987, p. 460), Harrington (1987, p.
661).
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1. the set of players;
2. the set of pure strategies available to each player;

3. a function for each player showing his payoff as a function of his own
strategy and the strategies of all other players.

It is possible, and often convenient for finite games, to illustrate the strate-
gic form by a payoff matrix. Figure 5 shows the payoff matrix for the Pris-
oners’ Dilemma game illustrated in extensive form in Figure 1. The sides
of the matrix are labeled with the names of the players. The rows of the
matrix give the possible pure strategies of Professor Moriarty; the columns
of the matrix give the possible pure strategies of Colonel Moran. The ele-
ments of the matrix — pairs of numbers — show the payoffs that result from
different combinations of strategies. The payoff matrix compactly displays
the elements of the of the game.

Colonel Moran

Outraged Craven
Innocence Confession
Outraged
Innocence -1,-1 =5, —1/2
Professor
Moriarty
Craven
Confession —1/2,=5 —2,-2

Figure 5: Payoff matrix for the Prisoners’ Dilemma game. Rows show strate-
gies of Professor Moriarty, columns show strategies of Colonel Moran. The
first element in each entry shows the payoff of Professor Moriarty, the second
element in each entry shows the payoff of Colonel Moran.

A pure strategy is a plan for a player’s actions throughout the course of
the game. When each player has a single information set, as in a single round
of the Prisoners’ Dilemma game, each player’s pure strategy is the same as
its move at that information set. When a player has more than one turn
in a game, then a pure strategy specifies what the player will do at each

14



information set. A pure strategy is a combination of moves, one move for
each information set.

Mixed strategies are derived from pure strategies. Let S; be the set of
all possible pure strategies for player i. A mixed strategy 7; is a probability
distribution over S;. If there are three elements in S; — s1, $o, and s3 —
then a probability distribution over S; is a vector of three numbers — say,
(71,79, m3) — each nonnegative, that add up to unity. The first element of
the vector gives the probability that player ¢ will play s, the second element
gives the probability that player ¢ will play so, and the third element gives
the probability that player ¢ will play ss.

Let II; be the set of all such mixed strategies. One of the elements of
I1; is a “mixed strategy” (1,0,0), under which the probability that player
plays s; is 1 and the probability that player i plays either of the other two
strategies in S; is 0. Thus II; includes pure strategies as special cases of mixed
strategies. But II; includes truly random strategies as well. (1/3,2/3,0) is
a mixed strategy which has player i play s; with probability 1/3, s with
probability 2/3, and s3 with probability 0.

Mixed strategies arise naturally as descriptive devices in games with play-
ers of limited rationality and games with rational players where the fact that
players are rational is not common knowledge. If players follow pure strate-
gies but there is some chance that each player will make a mistake, then each
player can model the others as if they follow mixed strategies. Mixed strate-
gies also arise naturally as a device for ensuring the existence of equilibrium
in games for which there are no equilibria in pure strategies.

Figure 6 illustrates the strategic form for a repeated game or supergame
made up of two rounds of Odds & Evens in which each player must decide
moves for both rounds at the start of the game. Each player has two turns,
and each player’s pure strategy specifies two moves — one for the player’s first
turn and one for the player’s second turn. Thus s; = (0, 0), s2 = (O, E) is
a combination of strategies according to which player 1 plays an odd number
of fingers in each round while player 2 plays an odd number of fingers in the
first round and an even number of fingers in the second round. As shown in
the payoff matrix, both players break even if these strategies are played.

The strategic form masks much of the detail of the move and information
structure of the game that is present in the extensive form. It highlights the
relationship between what one player does, what other players do, and what
each player receives. The cost of this emphasis is a certain loss of information
about the underlying structure of the game.

15



Player 2

(0,0) (O.E) (E,0) (E.E)
(0,0) 2, -2 0,0 0,0 2,2
P
1
; (O,E) 0,0 2, -2 —2,2 0,0
(&
r
L (®0) 0,0 ~2,2 2, -2 0,0
(E,E) 2,2 0,0 0,0 2, -2

Figure 6: Payoff matrix for two rounds of Odds & Evens. Rows show
strategies of player 1, columns show strategies of player 2. The first element
in each entry shows the payoff of player 1, the second element the payoff of
player 2.
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4 Solution concepts

We have outlined the description of games in extensive and strategic form.
Now we turn our attention to what might reasonably be expected to happen
when a game is played — to the analysis of solutions of a game.

As far as game theory is concerned, the term “solution” gives a misleading
impression of automaticity or exactitude, particularly for those with a certain
background in mathematics. If we are asked for solutions to the equation

r? —1=0, (1)

there is really not much leeway in formulating a response. The solutions are
+1 and —1. These are the values of = for which equation (1) is correct, and
that is that.'?

When we talk about solutions to noncooperative games, things are by
no means so automatic. For a strategic game, a solution is a collection of
strategies — one for each player — that it is reasonable or plausible to think
would be played. What is plausible will depend critically on the amount
of information and the degree of reasoning power or computing ability that
players are assumed to have. Solution concepts that appear reasonable un-
der conditions of complete and perfect information and unlimited reasoning
power sometimes yield unattractive results when these assumptions are re-
laxed. Much interesting work is involved in refining solution concepts to deal
with games played under conditions of limited information and less than
complete reasoning ability.

4.1 Noncooperative equilibrium — pure strategies

We begin by assuming complete and unlimited reasoning ability. The defin-
ing characteristic of a noncooperative game is that players are unable to
make binding commitments about the strategies they will play. If binding
commitments are impossible, then for a collection of strategies to be a solu-
tion of the game, every player must be willing to play his or her part of the
collection. Each player must prefer to play his part of the proposed equilib-
rium strategy, given that all other players play their parts of the proposed
equilibrium strategy. Otherwise, some player would change his strategy and
the game would follow a course different from that specified by the proposed
equilibrium strategy.

130f course, it is only training that makes these solutions seem automatic. Contem-
plation of equations like (1) led to the analysis of negative numbers; contemplation of
equations like 22 + 1 = 0 led to the analysis of imaginary numbers. So it goes.

17



The formalization of this idea leads to the concept of a equilibrium. A

vector of pure strategies s* = (s7,s5,...,s") is said to be a noncooperative

equilibrium for an n-person game in strategic form if for every player i (i =
1,2,...,n), s maximizes player i’s payoff, given that all other players play
the pure strategies specified by s*.

Formally, let (s*/s;) be the vector s* with s; substituted for s;:

(87/85) = (87, 1811, 8isSip s Sn)- (2)
Then s* is a noncooperative for an n-player game if
pi(s*) > pi(s*/s;) Vs; € S; and Vi € N, (3)

where S; is the set of pure strategies open to player i, p;(-) is player i’s payoff
function, and N is the set of players.

The assumption of complete information enters in that each player is
assumed to know the equilibrium strategies of all other players. For relatively
simple games, like a single play of the Prisoners’ Dilemma, this is perhaps
conceivable. For complex games in which a strategy specifies a player’s move
whenever it is his turn, the assumption is unrealistic. The assumption of
unlimited reasoning ability enters in that each player is assumed to be able
to calculate an individual strategy that maximizes his return, given that
other players follow their own noncooperative equilibrium strategies. This
assumption too is unlikely to be met unless the game is relatively simple.'*

Also present is the idea that each player seeks to maximize his payoff. If
s maximizes player i’s payoff, then player ¢ is assumed to be willing to play
S5

The modern analysis of noncooperative equilibrium begins with Nash
(1950, 1951). The Nash solution concept was in a certain sense anticipated
by that of Cournot (1838). In the Cournot model of quantity-setting duopoly,
each firm picks the output that maximizes its own profit, given the output of
its rival. The equilibrium output of each firm is a best reply to the equilibrium
output of the other. In game theoretic terms, the firm’s strategy is its output
level, the firm’s payoff is its profit. Cournot equilibrium is a noncooperative
equilibrium as defined above — each firm maximizes its own profit, given

14See Nash (1953, p. 130):

Each player is assumed fully informed on the structure of the game and on the
utility function of his co-player ... These information assumptions should be
noted, for they are not generally perfectly fulfilled in actual situations. The
same goes for the further assumption we need that the players are intelligent,
rational individuals.
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the outputs of other firms. For this reason, noncooperative equilibrium is
sometimes called Nash-Cournot equilibrium, particularly in the context of
models of quantity-setting oligopoly.

To illustrate the notion of a noncooperative equilibrium, consider the
payoff matrix for a single round of the Prisoners’ Dilemma game (Figure 5).
If Professor Moriarty chooses to maintain his innocence, then Colonel Moran
maximizes his payoff (minimizes his time on probation or in jail) by cravenly
confessing. Similarly, the strategy pair in which both prisoners maintain
innocence is not a noncooperative equilibrium.

If Colonel Moran chooses to cravenly confess, then Professor Moriarty
maximizes his payoff by cravenly confessing as well (this makes his sentence
two years rather than five years). Similarly, neither strategy pair in which one
prisoner maintains innocence while the other confesses is a noncooperative
equilibrium. The noncooperative equilibrium of the Prisoners’ Dilemma is
the strategy pair in which both players confess, and both players go to jail
for two years, even though by cooperating they could get off with a year’s
probation each.

Player 2
Odd Even

P
I 0Odd 1,-1 ~1,-1
a 7 Y
y
(§
T

Even ~1,1 1,-1
1 ) )

Figure 7: Payoff matrix for one round of Odds & Evens. Rows show strategies
of player 1, columns show strategies of player 2. The first element in each
entry shows the payoff of player 1, the second element in each entry shows
the payoff of player 2.

It is easy to verify that there are games that do not have an equilibrium in
pure strategies. Figure 7 shows the payoff matrix for a single round of Odds
& Evens. The strategy pair (Odd, Odd) is not a noncooperative equilibrium:
if player 1 chooses Odd, player 2 will maximize his own payoff by playing
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Even. In the same way, (Even, Even) is not a noncooperative equilibrium:
if player 1 plays Even, player 2 will prefer to play Odd. But (Odd, Even)
is not a noncooperative equilibrium either: if player 2 plays Fven, player 1
will prefer to play Fven as well.

4.2 Noncooperative equilibrium — mixed strategies

The problem of nonexistence of equilibrium can be handled by extending
what we mean by a strategy to allow for random moves. This implies a
corresponding alteration in the definition of a noncooperative equilibrium.

We have defined mixed strategies 7; as probability distributions over the
set of a player’s pure strategies, S;. We can extend the definition of nonco-
operative equilibrium from pure strategies to mixed strategies. A vector of
mixed strategies 7* = (77, 73,... , 7)) is said to be a noncooperative equi-
librium for an n-person noncooperative game in strategic form if for every
playeri (i =1,2,... ,n), 7f maximizes player i’s expected payoff, given that
all other players play the mixed strategies in 7*.

For example, consider a single round of Odds & Evens. Player 1’s ex-
pected payoff is the sum of player 1’s payoffs for each strategy pair multiplied
by the probabilities that the strategies in the pair are chosen:

1m(Odd)m2(0dd) — 171 (Odd)mo( Even)
E(P) = (4)
—1m(Even)my(Odd) + 1m (Even)ms(Even).

Suppose m9(Odd) = mo(Fven) = 1/2, that is, suppose player 2 plays
Odd or FEven randomly but with equal probability. Then player 1’s expected
return is

E(Pl) =0, (5)

which does not depend on m1(Odd) and m(Fven). Thus any values of
71(0dd) and 7 (Even) will maximize player 1’s expected return (probabil-
ities must be nonnegative and add up to unity). The maximum expected
return is zero. In particular, m,(Odd) = m(Fven) = 1/2 will maximize
player 1’s expected return.

By exactly the same sort of argument, if m,(0Odd) = 71(Even) = 1/2,
then m9(0Odd) = mo(Even) = 1/2 will maximize player 2’s expected return
(and player 2’s maximum expected return will be zero). Thus m1(Odd) =
m1(Even) = mo(Odd) = m(Even) = 1/2 is a noncooperative equilibrium in
mixed strategies for a single round of Odds & Evens.
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In this equilibrium, it is as if each player tosses a fair coin before the
game is played. If the coin comes up heads, the player plays an odd number
of fingers. If the coin comes up tails, the player plays an even number of
fingers. Each player expects to break even.

Nash (1951) shows that all noncooperative games with a finite number
of players and a finite number of strategies have a mixed-strategy noncoop-
erative equilibrium.'® Thus the problem of nonexistence of equilibrium does
not arise if players are permitted to use mixed strategies.

But equilibria in mixed strategies are more fragile — less plausible —
than equilibria in pure strategies. For example, consider the strategy pair
(Confess,Confess), the unique equilibrium in pure strategies of the Pris-
oners’ Dilemma game. It is plausible that if this equilibria is reached it will
be self-enforcing — it is in the interest of each player to follow his part of
this strategy pair, and only his part of this strategy pair, given that the
other prisoner does the same. But for a single round of Odds & Evens,
if player 2 plays the mixed strategy m2(Odd) = mo(Even) = 1/2, then
any random strategy will maximize player 1’s expected return, not just
m1(0dd) = m(Even) = 1/2 (Aumann, 1985a, pp. 43-4). In particular,
player 1 could just as well play a pure strategy (play Odd with certainty, for
example) and still expect to break even.

From a less technical point of view, and with specific reference to applica-
tions of game theory to industrial economics, models of firm decision making
in which firms are supposed to decide what to do randomly — in effect, by
tossing coins — are not intuitively appealing. Models in which firms pick
output or location randomly do not sit well. We shall see, however, that
mixed strategies arise naturally in game theoretic models under conditions
of incomplete and imperfect information.

4.3 Subgame-perfect equilibrium

Figure 8 shows a simple game in extensive and strategic form. Each player
has one information set, and each information set consists of a single decision
node. Thus the game is one of perfect information. The game begins at
decision node Dy, where player 1 may choose left (L) or right (R). If player
1 plays right, each player receives €2. If player 1 plays left, the game moves
to decision node Ds, where player 2 may choose left or right, with the payoffs
indicated.

This game has two noncooperative equilibria — (L, L) and (R, R). We

5For a formal analysis of conditions for the existence of equilibrium in noncooperative
games, see Friedman (1986, Ch. 2).
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Extensive Form Strategic Form
Pl 2
L ayer
D, Player 1 p
L/ \& L 3,1 0,0
Player 2 p, a
y
L / \R o
T W 3 T
R 2,2 2,2
A
1 0 2

Figure 8: A game to illustrate subgame-perfect equilibrium; L indicates left,
R indicates right. Source: Selten [1965, Figure IJ.

can show this formally by examining the players’ expected payoffs for mixed
strategies. Write 7l for the probability that player 1 will pick left, =it for
the probability that player 1 will pick right, and so on.

The expected payoffs of the two players are

H, = 3ntmy + Orbnlt + 27 = 2 4 3mlynl — 27t (6)
Hy = Imiomh + 0mjymst + 2wyt = 2 + mwipymy — 27y (7)

(using the identity 7¥ + 7t = 1 to eliminate 7 from the expressions for the
payoffs).

Suppose player 1 chooses left. Then ¥ = 1 and player 2’s expected payoff
is Hy = 7. To maximize his expected payoff, player 2 should make 7% as
large as possible. Hence player 2 should set 7% = 1 and play left as well.

Now suppose player 2 plays left, so that 7% = 1. Player 1’s expected
return is H; = 37f. To maximize his expected payoff, player 1 should make
7l as large as possible, set 7F = 1, and play left. This shows that (L, L) is
a noncooperative equilibrium.

Now suppose player 2 picks right, so that 74 = 0. Then player 1’s ex-
pected payoff is H; = 2 — 27l. To maximize this payoff, player 1 should
make 7 as small as possible, that is, player 1 should set 7 = 0 and play
right.

What if 7¥ = 0, so that player 1 plays right with certainty? Then player
2’s expected payoff is Hy = 2, independent of player 2’s strategy. Any mixed

22



strategy of player 2 will maximize 2’s expected payoff, if 1 plays right. In
particular, playing right will maximize 2’s expected payoff. This shows that
(R, R) is also a noncooperative equilibrium for the game shown in Figure 8.

Examining the payoff matrix in Figure 8, it is evident that player 2 will
prefer the equilibrium (R, R) to (L, L). In the former, 2’s payoff is €2, in the
latter only €1. But what would player 1 have to believe about the way player
2 would behave in order for (R, R) to be a credible solution? For (R, R) to be
a plausible solution, 1 would have to believe that player 2, if at decision node
2, would play R. But if the game reaches D5, player 2 has no hope of getting
to terminal node 3. If the game should reach D5, the best player 2 can do for
himself is play left, take the €1 payoff, and walk away grumbling. For (R, R)
to be a credible solution, player 1 would have to believe that player 2 would
prefer a payoff of zero to a payoff of €1, if the game should reach Ds. It is
unreasonable to expect player 1 to believe this, which makes it unreasonable
to regard (R, R) as a solution to the game in Figure 8, even though (R, R)
is a noncooperative equilibrium in pure strategies.

Selten (1965) makes the following observation. If both players are at D,
(never mind how they got there), then it is possible to think of the part of
the game tree that branches out from D, as representing a game in its own
right, a game that is a component of the original game. From this point
of view, the problem with (R, R) as a solution to the original game is that
(R, R) commits player 2 to a strategy that player 2 would prefer to avoid in
the game beginning at Ds.

Define a subgame of a game in extensive form as any set of nodes and
branches which, starting from some decision node, is itself a game in extensive
form. The initial node of the subgame must be the only decision node in its
information set. If any information set is reached from the initial node, all
nodes in the information set must be reachable from the initial node.'®

We can then define a subgame perfect noncooperative equilibrium in pure
strategies as a pure strategy combination that is a noncooperative equilib-
rium for every subgame of the original game. Subgame perfection requires
strategies to be privately optimal even from decision nodes in the game that
will not be reached if the strategies are played. For the game illustrated in
Figure 8, only (L, L) is a subgame perfect noncooperative equilibrium.

16For formal definitions of a subgame, see Selten (1975, pp. 32-3) or Kreps and Wilson
(1982a, pp. 868-9).
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4.4 'Trembling-hand perfect equilibrium

Imposing subgame perfection as an equilibrium condition may eliminate a
number of implausible noncooperative equilibria — those that commit a player
to moves he would be unwilling to make from some points in the game tree.
There are other ways of approaching the same problem.

D, Player1

L &{
, Player 2

D
L R
Player 3 D3/ D,
\ /
L V{ L/ R
T, T Ty Ts

T 2

0 31 {0 4 1
0 21 10 4 1
0 2] |1 0 1

Figure 9: A game tree to illustrate trembling-hand perfect equilibrium. L
indicates left, R indicates right.

Figure 9 illustrates a game in extensive form (due to Selten, 1975). There
are three players in the game. The game is one of perfect recall but imperfect
information. Players 1 and 2 each have an information set that consists of
just one decision node, but player 3’s information set has two decision nodes.
If player 3’s information set is reached, he does not know whether player 1
has played L (so that player 3 is at D3) or player 1 has played R and player
2 has played L (so that player 3 is at D;). The game in Figure 9 has only
one subgame — itself.!”

17Dy cannot be the initial node of a subgame — if we start at Dy and play left, we reach
player 3’s information set. But player 3’s information set contains Dj, which cannot be
reached starting from Ds.
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4.4.1 Noncooperative equilibria for the unperturbed game

There are two types of noncooperative equilibria in mixed strategies for the
game shown in Figure 9.
The players’ expected payoffs are

_ L_L L_R R_L_L R_L_R R_R
Hy, = Onymg + 3nyms" + Onymy g + dmiimyms + 1mitmy

(8)

= 3(1 —W{%) 8+ Anf (1 —7r§) + il

Hy = Onlrl + 2nlnlt + Onfrlnl + dnBrlrlt + 1nlalt

(9)

=2 (1 —W{%) l + Anf (1 —7r§) + miinl

Hy = Onlnl + 2nlrlt 4 1nfrlnl + OnBrlmlt + 17 fnlt
(10)
=2(1—af) 7l + 7l (1 — =) (1 — 7f) + 7fnf

(using that fact that a single player’s probabilities of moving left and of
moving right must add up to one to express expected payoffs solely in terms
of the probabilities of moving right).

Now consider the derivative of each player’s expected payoft with respect
to his own probability of moving right:

0H
87% =l 4 nlt — dnfnl (11)
OH,
9 = i (1 — 4ry) (12)
OH.
87522—7Tf(3—7r§). (13)

The right-hand side of (11) is either zero, positive or negative. If the
right-hand side of (11) is zero, 9H,/Onf is zero, player 1’s expected payoff is
not affected by its strategy, and we can costlessly assume that player 1 will
be willing to play whatever strategy is indicated in cases when OH;/On® is
either strictly positive or strictly negative.

If the right-hand side of (11) is positive, 0H;/Onf is positive, and to
maximize his expected payoff, player 1 should make 7 as large as possible
— player 1 should play right. If the right-hand side of (11) is negative,
OH, /Or!t is negative, and to maximize his expected payoff, player 1 should
make 7 as small as possible — player 1 should play left. We consider the
two cases in turn.
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Case 1: 24 >0, 7f =1 If nft =1, then (12) becomes

0H, R
If 7% < 0, then OH,/0nE is positive, and player 2 should make 7wf as
large as possible, consistent with staying in Case 1, that is, consistent with
keeping OH, /Ol > 0.
If 7ff =1 and 0 < & < 1/4, then (11) becomes

— =1-3x>

1
- 1
orlt 4’ (15)

which is positive. Thus 7 = 1, 7§ = 1, 0 < 7§ < 1 is consistent with being
in Case 1, and 78 = 1, 7& = 1, maximize the expected payoffs of players 1
and 2, given that player 3’s strategy falls in the indicated range.

Now turn to player 3’s strategy. If mit = 7% =1, (13) becomes

OHj3
ol 0. (16)
Thus if players 1 and 2 play right, any value of 7% will maximize player 3’s
expected payoff. The reason is evident from Figure 9: if players 1 and 2
play right, then player 3’s decision set is never reached.

It follows that one type of noncooperative equilibrium for the game in
Figure 9 has players 1 and 2 choosing right and player 3 choosing right with
probability not greater than one-quarter:

1
w?:1,w§:1,0§w§§1 (17)
Case 2: STH{% <0, 7m=0
If 7t = 0, then (12) and (13) become
OH. OH.
2 -0 2 —2>0. (18)

R — R~
or5 oms

Since dH3/Orl is positive, player 3 should make 7i as large as possible,
consistent with being in Case 2. If 7 = 1, then

Ol _ 3k, (19)

onlt
and this will be negative, as required in Case 2, provided 7 > 1/3.
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From (18), if player 1 plays left any value of m£ will maximize player 2’s
expected profit. Again, the reason is evident from Figure 9. If player 1
plays left, player 2’s information set (decision node Ds) is never reached.

Thus a second type of noncooperative equilibrium for the game shown
in Figure 9 has player 1 choosing left, player 3 choosing right, and player 2
choosing right with a probability of at least one-third:

it = 0,% < <1, alf=1. (20)
Reasonableness of the equilibria Pick a specific Case 2 equilibrium:
ol =0, 7 = 1, vl = 1. Player 1 plays L, while players 2 and 3 play R.
Given that player 1 moves left, there is no difficulty with player 2’s part of
this equilibrium strategy: player 2’s information set is never reached. But
if, somehow, the game were at Dy and player 2 really believed that player 3
would play R, is it reasonable to expect player 2 to play R? By playing left
from Ds, player 2 would move the game to D,. If player 3 complies with his
part of the equilibrium strategy, and plays R from D,, then player 2 ends up
with €4, while player 2 gets only €1 by playing R from D,.

The difficulty with Case 2 equilibria is that they prescribe unreasonable
behavior for player 2 if his information set should be reached. This does
not prevent them from being noncooperative equilibria, because if they are
followed then player 2’s information set is not reached. It does prevent them
from being reasonable noncooperative equilibria: we ought to expect that
player 2 will act in his own self-interest, given that he has a chance to act
at all. Case 2 equilibria suppose that player 2 will act against his own self-
interest, if he has a chance to act.

4.4.2 The perturbed game

The reason that case 2 equilibria show up in the example above is because
players are assumed to be absolutely rational, and each player is assumed to
make decisions in the knowledge that other players are absolutely rational.
But no matter how confident one is in one’s own ability to assess facts,
calculate the odds, and make decisions, there are many situations — precisely
those of complete and imperfect information — when it seems imprudent to
assume that other players are also completely rational (Selten, 1975; 1985;
Rosenthal, 1981).

Selten (1975) models the possibility of irrational behavior by adding to
the game a small probability that players will make a mistake. In such a
game, no move has zero probability. Even if a fully rational player would
prefer not to make a move, in the perturbed game the move might occur by
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mistake. In such a perturbed game there is always some possibility, however
slight, that every information set will be reached. This rules out equilibria
similar to the case 2 type for the game shown in Figure 9, equilibria that have
a player making a move he would not care to make at his own information set
because he is absolutely certain that his information set will not be reached.

After calculating the noncooperative equilibria in the perturbed game,
one can let the probability that errors occur go to zero. The resulting equi-
libria for the original game — called trembling hand perfect noncooperative
equilibria — do not allow irrational behavior at unreached information sets,
because in the game with trembles there is some probability that every in-
formation set is reached.

In the perturbed version of the game shown in Figure 9, the probabilities
that players will move left or right differ from the probabilities in the under-
lying (unperturbed) game by a term that reflects the chance that a player
will make a mistake. Write the probabilities in the perturbed game as

T =0-em+eq” 7 =(1-e)ni +eg” (21)
Ty =gy +eqt T =(1-en+ed” (22)
Ty =(—e)my +eq” T =(1-e)mg +eq". (23)

Here a “hat” denotes the probability of a move in the perturbed game. ¢*
is the probability of a move to the left is a player makes a mistake; ¢ is the
probability of a move to the right if the player makes a mistake. Naturally,
q" + ¢® = 1. Finally, ¢ is the probability of making a mistake.

In the perturbed game, the probability that a player moves to the left
is a weighted average of the probability that the player intends to move left
and the probability that the player moves left by mistake. We assume ¢ to
be small. As e goes to zero, the perturbed game reduces to the underlying,
unperturbed, game.

The probabilities of moves in the underlying game must lie between zero
and one. From (21)—(23), this implies the following bounds on probabilities
of moves in the perturbed game:

e <7 < 1—eq" (24)
e <Y < 1—eq" (25)
eg" <7 <1-—eq. (26)
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There are corresponding bounds implied for the probabilities of moves to the
left in the perturbed game. All moves in the perturbed game have positive
probability.

As we remarked above, it is not at first encounter intuitively plausible to
model players as making random moves. But suppose all players follow pure
strategies in the underlying game. If each player thinks there is a chance
that other players will make a mistake, then he will treat the other players
as if they are following mixed strategies. The randomness ascribed to the
choices of others comes from the belief that they might err, not from the
belief that their actions are inherently random. So long as players might
make mistakes, one can justify an interest in mixed strategies.

Player 3’s strategy Returning to the analysis of the perturbed game,
expected payoffs have the same form as (8)—(10), substituting probabilities in
the perturbed game (hatted probabilities) for probabilities in the underlying
game. Similarly, the derivatives of each player’s expected payoff with respect
to his own strategy probability in the perturbed game have the same form
as in (11)—(13):

OH
T = AN Ay — AR (27)
om,
OHy g ~R
— =7 (1 —47 28
8%5“ 1 ( 3) ( )
OH. . _
—— =27 (3-75). (29)
ors

It is evident from (28) that 75" = 1/4 is a critical value, since it makes
0H,y/ 85?5 = 0. Further, by analogy with case 1 solutions to the underlying
game, we are led to suspect that 75 < 1/4 will be part of a solution. Let us
begin by assuming 74 > 1/4 and seeking a contradiction.

If 75 > 1/4, then (28) implies that OH,/07y < 0. It follows that player
2 should make %5“ as small as possible. In the perturbed game, this means
he should set 75 = e¢™.

Substituting this value in (27), we obtain

oOH ~
—A; =g+ 7f (1 —4eq"). (30)
omy
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On the right-hand side of (30), e¢® and 7% are positive. The final expression,
1 — 4eq®, will be positive for ¢ sufficiently small (for example, for ¢ < 1/4;
recall that 0 < ¢~ < 1).

Since we assume ¢ to be small, we can take the right-hand side of (30) to
be positive. To maximize his expected payoff in the perturbed game, player
1 should make %f as large as possible, which means %f =1 —eq”.

Substituting 71* = 1 — e¢* and 75 = ¢ into (29), we obtain

87}12 =—1+¢(3¢" +¢" —eq"¢"). (31)

Oms
The right-hand side is negative for ¢ sufficiently small. To maximize his
expected return, therefore, player 3 should make is %f as small as possible.
But this contradicts our initial assumption that 75 > 1/4. We have therefore
established that 75 < 1/4.

Now suppose that 75 < 1/4. From (28), 0H,/07y > 0, so player 2
should make %5 =1 — eq* to maximize his expected profit.

Write (27) as

H, ~ ~
% =78 (1 — 475 + 71, (32)
1
which is positive for 75 < 1/4. Thus player 1 should set 71 = 1 — e¢” to
maximize his expected return.
Substitute 7 = 1 — e¢” into (29) to obtain
5’;{3 =eq” (1+eq") > 0. (33)
073
To maximize his payoff, player 3 should make %f as large as possible. But
this contradicts our initial assumption that 75 < 1/4.

We have therefore established that the only possible noncooperative equi-
librium value for 75 in the perturbed game is 1/4. Let us examine the
equilibrium strategies of the other players, given 75 = 1/4.

Strategies of players 1 and 2 Substitute 75 = 1/4 into (27) and (28) to
obtain

oH, 1

—=->0 34
o7f 1 &4
0H,

— =0. 35
e (35)
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From (34), player 1 should make 7f* as large as possible to maximize his
expected return. Substitute 7' = 1 — e¢” into (29) to obtain

8133 L L\ ~L
— =2 — (1 —¢ T . 36

In order for player 3 to be willing to play 74 = 1/4 (which we have already
determined to be the only possible equilibrium value), the right-hand side of
(36) must equal zero, in which case player 3’s return is independent of his
strategy. Setting (36) equal to zero, we obtain

2eq”

~R
—1—
1 —eqt

Ty

(37)

as the equilibrium value for 74 in the perturbed game. By (35), player 2 will
be willing to play this strategy if the other two players make the indicated
choices.

In summary, the noncooperative equilibrium strategies in the perturbed
game are

N 2eq” r 1
Ty :1—m 7T321. (38)

7 =1-¢eq"

If any two of the players follow the indicated strategies, then the remain-
ing player will maximize his expected returned by following his part of the
strategy given in (38).

As e goes to zero, the probability of an error in the perturbed game
becomes smaller and smaller. In the limit, setting e = 0 in (38), we obtain
the unique trembling-hand perfect equilibrium strategy for the game shown
in Figure 9:

- - - 1
=1 T =1 T ==, (39)

The trembling-hand equilibrium strategy for the underlying game is a Case
1 noncooperative equilibrium. Case 2 noncooperative equilibria are entirely
ruled out.

4.5 Sequential equilibrium

The unsatisfactory nature of some noncooperative equilibria for the game in
Figure 9 involves equilibrium strategies for players whose information sets
are never reached. Selten (1975) deals with this by adding small errors to
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moves. Kreps and Wilson (1982a) take a different approach to the same
problem. They explicitly model the beliefs players hold at different points
in the game tree. They require strategies to maximize expected payoffs from
any information set in the tree, given the player’s beliefs about where he is
in the information set if the information set is reached. At the same time,
they require a player’s beliefs about where he is in an information set to be
consistent with strategies being played.

The resulting sequential equilibrium includes both strategies and beliefs
(Kreps and Wilson, 1982b, p. 257):1%

There are three basic parts to the definition of a sequential
equilibrium:

(a) Whenever a player must choose an action, that player has
some probability assessment over the nodes in its information set,
reflecting what the player believes has happened so far.

(b) These assessments are consistent with the hypothesized
equilibrium strategy. For example, they satisfy Bayes’ rule when-
ever it applies.

(c) Starting from every information set, the player whose turn
it is to move is using a strategy that is optimal for the remainder of
the game against the hypothesized future moves of its opponent
(given by the strategies) and the assessment of past moves by
other players . ..

4.5.1 The consistency of beliefs in sequential equilibrium

Consider the game shown in Figure 10. Player 1 has three possible moves —
left, center, or right. If player 1 chooses left or center, then the game moves
to player 2’s information set. But the game is one of imperfect information —
once at his information set, player 2 does not know whether he is at decision

18See also Kreps and Wilson (1982a, p. 871)

This is the substance of sequential rationality: The strategy of each player
starting from there according to some assessment over the nodes in the in-
formation set and the strategies of everyone else.

and Kreps (1987, p. 586)

The basic idea is that behaviour in all parts of a game tree should be ratio-
nalized by some beliefs as to the play of the game that are not contradicted
by what the player knows for sure.

For a formal definition, see Kreps and Wilson (1982a, p. 872).
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node D, or decision node Ds. A sequential equilibrium specifies the beliefs
that player 2 entertains about his location if his information set is reached.

Dy Player 1
/Player2
L \R L/
1
I ) B
-1 —1 0 2 0

Figure 10: A game to illustrate sequential equilibrium. L indicates left, C
indicates center, R indicates right. Source: Kreps & Wilson (1982a, Figure

1).

Bayes’ rule — which relates conditional and unconditional probabilities —
imposes certain constraints on these beliefs, if it can be applied. Thus in
Figure 10, the unconditional probability of being at D, is the product of the
probability of being at D, given that the game is in player 2’s information
set and the probability of being in the player 2’s information set:

Pr(at Dy) = Pr(at Dylat Dy or Ds3) Pr(at Dy orDs). (40)

But we can pin down two out of three of the terms in (40), which will allow
us to get at the third — Pr(at Ds|at Dy or Ds), the probability implied by the
strategies that player 2 is at Dy if the game reaches player 2’s information
set.

If the game is at D, then the game must end at Tior 7,. Thus the
unconditional probability of being at D, is the same as the probability that
the game ends at Tior T5. In the same way, if the game is in player 2’s
information set, then the game must end at one of the terminal nodes 77, 75,
T3, or Ty. Thus the unconditional probability that the game reaches player
2’s information set is the same as the probability that the game ends at one
of T17 TQ, Tg, or T4.
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Thus we can rewrite (40) as

,U,(DQ) = Pr(at D2|at _D2 OI'D3)

Probability of reaching terminal nodes that follow D,

- Probability of reaching terminal nodes that follow player 2’s information set
(41)

Pr (T1) + Pr (1) ~ Pr(Ty) +Pr(T3)
Pr(Ty) + Pr(Ty) + Pr(T3) + Pr(Ty) 11— Pr(T3)

The probabilities of reaching the five terminal nodes are implied by the
players’ strategies:

Pr(Ty) = nlrk Pr(Ty) = ninl
Pr (T3) = n{n% Pr(Ty) = n{ml . (42)
Pr(T3) = rft

Substituting (42) into (41), we obtain the conditional probabilities of
being at D, and Ds, given that the game is in player 2’s information set, as
implied by the player’s strategies:

(1))_7T—f (D)_i (43)
% 2 _7'('{’—}—71'? 1% 3 _W%—i‘ﬂ'?’

where p (Ds) is the conditional probability of being at Dy and p (D>) is the
conditional probability of being at Ds. Naturally, u (D) + u(Ds3) = 1. If
player 2 is in his information set, he must be at Dy or Dj.

From either (41) or (43), we see a limitation to the scope of Bayes’ rule
rule. If Bayes’ rule is to be used to define player 2’s beliefs, 7 must be less
than 1. Otherwise, it will be impossible to carry out the division required
by (43). If mi* = 1, then strategies imply that the game will not reach
player 2’s information set. If strategies imply that the game will not reach
player 2’s information set, then strategies cannot be used to define conditional
probabilities within player 2’s information set. This is a specific example of

a general characteristic of Bayesian expectations (Binmore, 1990, p. 88) :1*

19See also Binmore (1991) and Fudenberg and Tirole (1991).
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Bayesian principles do not in themselves provide an adequate
foundation for game theory. The essential reason is that “Bayesian
rationality” is concerned only with the consistency of the beliefs
held by players. It has nothing to say about the origins of such
systems of beliefs.

Kreps and Wilson (1982a, p. 873) argue

What happens when a player reaches an information set ... with
[the probability of all terminal successor nodes| = 07 It is plau-
sible to suppose that the player will construct some hypothesis
as to how the game has been played, in the form of a strategy
... that satisfies [the probability of all successor nodes] > 0 and
then use [this new strategy] and Bayes’ rule to compute [beliefs]
for [decision nodes in the information set].

and continue (1982a, pp. 873-4):

Fix a player i. His “primary hypothesis” as to how the game
will be played is 7, and ... he applies 7 to compute [beliefs]
whenever possible. We might assume that when 7 does not apply
— when he comes to an information set ... with [the probability
of all terminal successor nodes| = 0 — then he has a “second most
likely hypothesis” 7(2) that he attempts to apply. If that fails,
he tries his “third most likely hypothesis” 7(3), and so on. ...
the sequence of “alternative hypotheses: is independent of [the
particular information set] 7(2) is the player’s second most likely
hypothesis for all |[his information sets|. A further strengthening
of this requires that all players use the same finite sequence [of
alternative hypotheses|. This requirement is in the spirit of the
“common knowledge” hypothesis of Nash equilibrium — if there
are rational secondary hypotheses, they should be unanimously
held, just as is the primary hypothesis 7.

Thus the definition of sequential equilibrium imposes strong assumptions
about consistency of strategies and beliefs. Kreps and Wilson (1982a, p.
876) acknowledge that these requirements might be overly strong.?’ But
these assumptions lead to a way of modeling strategic behavior that fits into
the framework of decision theory (Kreps and Wilson, 1982a, p. 864).

20For further discussion, see van Damme (1987, pp. 108-9).
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4.5.2 Sequential equilibrium for the game of Figure 10
For the game shown in Figure 40, the expected payoffs of the two players are

Hy = 7t (3nk — 2nlty — 7¢ (44)

Hy = — (my + 27§) p(Dy) + 275 (Ds). (45)
If 7% = 1, then player 1’s expected payoff becomes
Hy =37t — 7§, (46)

If player 1 knows 2 will play left, then 1’s choices are to end up at Tiand
collect €3 or to end up at T3 and lose €1. Clearly, 1’s best strategy is to
play left.?!

On the other hand, if 1 plays left, then 2’s beliefs are defined by Bayes’
rule — 2 knows he is at D, (from (43), if 7k = 1, then u(D;) = 1). His
expected payoff is then

Hy = — (7§ +27§) . (47)

Player 2, who evidently will not enjoy this game very much, can play left
and lose €1 or play right and lose €2. His best strategy is to play left.

Thus p(Ds) =1, u(D3) = 0, 7 = nf =1, is a sequential equilibrium for
the game shown in Figure 10.

4.5.3 Sequential equilibrium for the game of Figure 9

The unique trembling-hand equilibrium for the game shown in Figure 9,
it = xlt = 1, 7t = 1/4, is also a sequential equilibrium supported by the
belief u(D3) = 1/3. But u(D3) =1, u(Dy) = 0, 7t =0, 1/3 < 7t < 1 is
also a sequential equilibrium for the game shown in Figure 9.

This is a specific example of a more general phenomenon. Kreps and
Wilson (1982a, section 7) show that every trembling hand is a sequential
equilibrium, but not vice versa. They define a weak sequential equilibrium as
one in which there are some unused strategies that do as well, in the sense
of maximizing some player’s expected payoff, as strategies that are used.
Sequential equilibria that are not weak are strict.

In the second sequential equilibrium for the game in Figure 9, any strategy
of player 2 will maximize his expected payoff. He is limited to the range

21Formally, 1’s decision should be modeled as a constrained optimization problem — to
maximize the expected payoff, subject to the constraint that 71 + 7¢ + 7 = 1.
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1/3 < mf < 1 because this restriction is necessary to induce player 1 to
set mf* = 0. But as far as player 2 is concerned, he would be just as well
off playing strategies in the range 0 < mf < 1/3 — these strategies also
maximize his expected payoff.

Kreps and Wilson (1982a, theorem 3) show that strict sequential equilib-
ria are also trembling hand perfect equilibria.

It is only weak sequential equilibria that may fail to be trembling hand

equilibria.

5 Supergames?

A supergame is a game that is built up out of repetitions of some simpler,
component game. A game in which four people play 100 rounds of poker is
a supergame; so is a game that consists of two rounds of Odds & Evens.

Player 2
Cooperate Defect I take I give
P
1] Cooperate 3,3 0,4 Generous 0 3
a
y
e
: Defect 4,0 1,1 Selfish 1 0
1

Figure 11: Payoff matrices for a Prisoners’ Dilemma game and decomposed
game with cash payoffs. Source: Selten (1978, Figure 4, Figure 10).

Figure 11 shows a version of the Prisoners’ Dilemma game with payoffs
expressed in cash rather than prison time. If both players cooperate, each
receives €3. If 1 player defects while the other player cooperates, the defect-
ing player receives €4 while the cooperating player receives nothing. If both
players defect, each receives €1.

228ee Luce and Raiffa (1957, pp. 97-102); Selten (1978, pp. 42-53); Aumann (1985b);
Friedman (1986, Chs 3 and 4); Harrington (1987a); Mertens (1987a, b); and Sabourian
(1989).
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This game can be described in another way which yields insight into the
incentives facing the players. Each player can be thought of as having two
strategies. If a player chooses the generous strategy, then the other player
receives €3. If a player chooses the selfish strategy, he himself receives €1.

It follows that if both players choose the generous strategy, then both
receive €3. But if both players choose the selfish strategy, then both re-
ceive €1. If one player chooses the selfish strategy and one player chooses
the generous strategy, then the selfish player receives €4 while the generous
player receives nothing. Thus the payoffs in this decomposed game are iden-
tical to those shown in the standard Prisoners’ Dilemma payoff matrix. The
decomposed form of the game is also shown in Figure 11.

The situation facing the players is the same as in the earlier version of
the Prisoners’ Dilemma game (Figure 11). The noncooperative equilibrium
is (Defect, Defect) (or (Selfish,Selfish)). Yet it is clear that each player
would be individually better off if both players cooperate (are generous).

It is tempting to think that this outcome might change if the game is
repeated. One might think that over time players could learn to trust each
other, that they could learn from experience that cooperation was more re-
warding than defection, could establish reputations for cooperative behavior
(generosity), and so on. If the number of repetitions is finite and players are
completely rational, however, this is not the case.

Suppose the game in Figure 11 is repeated ten times. Players seek to
maximize their total payoff over the 10 rounds. Each player’s strategy is a
vector specifying his move in each of the 10 rounds.

Begin with the final round and work backward. If the players are at
the start of the tenth round, then they are in exactly the same situation as
they would be in a single round of the game. But we already know that the
only noncooperative equilibrium for a single round of the Prisoners’ Dilemma
is (Defect, Defect). Thus each player’s equilibrium strategy must specify
defection in the final round.

Now consider the ninth round. At this point, the tenth round is of no
consequence — we already know that players must defect in the tenth round.
But then at the start of the ninth round the players are in exactly the same
situation as they would be in a single round of the game. The same logic leads
to the same answer: players’ equilibrium strategies must specify defection in
the ninth round.

We can repeat this argument, moving backward, until we reach the first
round. At this point, defection is specified for rounds 2 through 10. The
only possible noncooperative equilibrium move for the first round is therefore
(Defect, Defect). By backward induction, we conclude that the noncooper-
ative equilibrium for the 10-round supergame has each player defect in each
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round. Each player collects €10, although with cooperation they could earn
€30 each.

What drives this backward induction argument is the assumption that
the number of repetitions is finite. Suppose the game shown in Figure 11
is repeated an infinite number of times, and that players maximize the dis-
counted present value of their payoffs. In that case, (Defect, Defect) in each
period remains a noncooperative equilibrium. But in the infinitely-repeated
game, there are other noncooperative equilibria as well.

Recall that a strategy specifies the player’s move in each period. Define
the following trigger strategy (Radner, 1980), recursively:

1. cooperate in period 1;

2. in later periods, cooperate if the other player cooperated in the previous
period;

3. if the other player defects, defect in all subsequent periods.

The strategy pair in which both players follow this trigger strategy can
be a noncooperative equilibrium for the infinitely repeated of the game in
Figure 11.

To show this, suppose player 1 plays the trigger strategy. Is it in player
2’s interest to follow the trigger strategy, or to defect in the first round?
If player 2 follows the trigger strategy, his payoff (assuming payments are
received at the end of the period) is

3 3 3

3
PDVT’L er — + + +...=-
TR e (T4 (147) r

(48)

(where r is the interest rate used to discount payoffs). If player 2 defects, he
receives more in the first period, but less each period thereafter. His payoff
from defecting in the first round is

4 1 1 1+44r

PDV,tei = + + +...=—. 49
defect = 77, (1—|—r)2 (1—1—7“)3 r(1+4r) (49)

The difference between payoffs is

2—r

PD‘/tm'gger - PDV:iafm’,t = 7”(]. + ’I“) :

(50)

If the interest rate is very high, the player puts great weight on the
additional euro received in the defection period, and less — greatly discounted
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— weight on income lost in later periods. If the interest rate is sufficiently
low, cooperation beats defection.

But the logic that applies to player 2 also applies to player 1. If player 2
plays the trigger strategy, then player 1 will find it in his interest to play the
trigger strategy as well. Thus in infinitely repeated noncooperative games it
is possible to obtain the cooperative result, unless interest rates are too high.

This is a specific example of a general result known as the Folk Theorem,
so called because its exact origins are unknown.”® The Folk Theorem is
that noncooperative behavior in a repeated game can sustain any strategy
producing individual payoffs that exceed noncooperative payoffs in the stage
game if the interest rate is sufficiently small.

There is a fundamental difference between finitely and infinitely repeated
games. In an infinitely repeated game, there is always a tomorrow. There is
always something that will be lost, tomorrow, by defecting today. There is
always a marginal cost to defecting — future lost income — to be set against
the current marginal benefit from defecting. In a finitely repeated game,
there is always one period — the last one — in which there is no tomorrow.
In the last period of a finitely repeated game, there is a marginal benefit to
defecting but no marginal cost. Not surprisingly, it pays to defect in the final
period. And this result, by , drives the analysis all the way back to the initial
period.?*

Alternatively, cooperation may arise in the Prisoners’ Dilemma if the
players are rational but the fact that players are rational is not common
knowledge. Kreps et al. (1982) consider finite repetitions of a modified Pris-
oners’ Dilemma game in which one player believes there is a small probability
that the other player, instead of maximizing his payoff, is playing a Tit-for-
Tat strategy. Under a Tit-for-Tat strategy, a player begins by cooperating
and thereafter plays whatever his rival played in the previous period. They
show that in sequential equilibrium the number of rounds in which one or
the other player defects is bounded above by a limit that is independent of
the number of rounds played. This shows that, except for a finite number of
periods, cooperative behavior can emerge if a player thinks his rival might
behave cooperatively.

The underlying logic is much the same as in the infinite repetition case.
If a player believes that his rival might behave cooperatively, then something

23 Aumann (1985a, p. 46; 1987, p. 468); Friedman (1986, pp. 103-4). See also Friedman
(1990) and Fudenberg and Levine (1990).

241t is possible to sustain cooperative outcomes in finite games if the underlying single-
period game has more than one noncooperative equilibrium. In this case, what is lost by
defecting is the difference between payoffs at the more remunerative and the less remuner-
ative equilibria. See Benoit and Krishna (1985), Friedman (1985).
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might be lost by defecting. But then defection will not occur if the expected
marginal cost of defection — lost expected future income — is sufficiently great.
At least in the early rounds of the game, it will pay to cooperate if you
think your rival might respond to cooperation by cooperating. Once again,
there are circumstances under which cooperative outcomes can be sustained
through noncooperative strategies.

6 Experimental games®

Simple games lend themselves to controlled experimentation in laboratory
situations. Experimental subjects can be made to play against each other, or
against computer programs designed to follow particular strategies. Payoffs
can be varied, as can the way the game is presented to the subjects. The
results of the play can be compared with theoretical predictions.

Of particular interest, in view of our discussion of repeated games, are
the results of experiments that repeat the Prisoners’ Dilemma game (Colman,
1982, pp. 115-6):2¢

the most striking general finding is undoubtedly the [Defect, De-
fect] lock-in effect. ... When the game is repeated many times
there is a tendency for long runs of [Defect] choices by both play-
ers to occur.

... three phases typically occur in a long series of repetitions.
On the first trial, the proportion of cooperative ... choices is
typically slightly greater than 1/2; but this is followed by a rapid
decline in cooperation (a “sobering period”). After approximately
30 repetitions, cooperative choices begin to increase slowly in
frequency (a “recovery period”), usually reaching a proportion in
excess of 60 per cent by trial 300.

These results seem a clear refutation of the predictions of noncooperative
game theory concerning cooperation in finite games. At least, they refute
predictions of finite models that assume players are fully rational. As we
have seen above, in a finite Prisoners’ Dilemma supergame the only non-
cooperative equilibrium has both players choosing (Defect, Defect) in all
rounds. The fact that experiments typically show a long initial series of
(Defect, Defect) plays does not vindicate the theoretical prediction if this

258ee Plott (1982, 1989); Colman (1982); Shubik (1981, pp. 316-7); Kreps (1987);
Rapoport (1987); and Smith (1990).
26See also Selten and Stoecker (1986).
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initial series is followed by a period of learning and an eventual period of
imperfect cooperation.

These results occur whether or not players are informed in advance of the
number of plays (Rapoport, 1987, p. 975). If the number of plays is finite but
unknown, the experiment takes on aspects of an infinite game (Selten, 1988b,
p. 50) — there might always be another round, there might be a tomorrow.
For this class of experiments, the results reported above can be taken as vin-
dicating the predictions of noncooperative game theory as applied to infinite
supergames: noncooperative behavior can sustain cooperative outcomes in
such games.

Other aspects of experimental results raise questions about the predic-
tions of models that rely on the assumption of super-rationality. In one way
or another, these results all suggest that the outcomes of supergames are
affected by things that would not matter if players were completely rational.

For example, consider the two ways of describing the game shown in Fig-
ure 11. They are absolutely equivalent; strategies and payoffs are effectively
the same, although they are given different interpretations. The standard
payoff matrix presents the strategies in terms of cooperation or noncoop-
eration. The decomposed payoff matrix presents the strategies in terms of
generous or selfish behavior. Experimental evidence confirms that coopera-
tive behavior shows up more often if the game is presented in decomposed
form (Colman, 1982, pp. 120-1). Perhaps players get an additional utility
out of feeling generous, or perhaps they avoid a disutility by not appearing
selfish. In any event, it seems clear that the way the game is presented affects
the outcome of the game.

The possibility that players’ payoffs might depend on how they feel about
the game implies that the experimenter cannot really control the (Axelrod,
1984, pp. 117-8). The overall payoff is a combination of the monetary payoff
and the way the player feels about the strategy pursued. Axelrod (1984,
pp. 73-87) presents a fascinating case study of the emergence of cooperative
behavior among opposing forces during trench warfare in the First World
War. The example seems clearly consistent with the interpretation that
after sustained periods of cooperation, soldiers came to place a value on
cooperative behavior for its own sake, over and above the effect cooperation
had on their chances of survival. Selten (1978, pp. 47-9) shows formally
that secondary utilities of this kind can lead to the emergence of cooperative
behavior in finite repetitions of the Prisoners’ Dilemma game.

Axelrod’s (1984) Prisoners’ Dilemma tournaments are also worthy of men-
tion. Axelrod invited game theorists to submit programs to be used to play
repeated rounds of the Prisoners’ Dilemma game. Each program was to play
against every program submitted (including itself). The program with the
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largest overall score would be declared the winner In the first tournament,
players were told that there would be 200 rounds. In the second tourna-
ment (held after releasing the results of the first tournament), the number of
rounds played was random, with expected value 200. In both tournaments,
a single player followed the Tit-for-Tat strategy, and in both tournaments,
Tit- for-Tat had the largest score.

Tit-for-Tat is a semi-cooperative strategy. It begins by cooperating and
responds to cooperation by cooperation, but it also responds to defection by
defection. A defecting rival can gain for one period, by defecting, but after
that a Tit-for-Tat opponent will defect as well. The only way the original
defector can induce a Tit-for-Tat rival to return to cooperation is by making
a cooperative move, knowing that for the round in which the cooperative
move is made the Tit-for-Tat player will defect.

This will cancel the defector’s initial gain, but changes the pattern of
moves back to (Cooperate, Cooperate). The best a rival can do against Tit-
for-Tat is to win by one move (for example, by cooperating on every round
except the last and then defecting, or by defecting on the first round and
defecting in every round thereafter).

Experimental tests of simple games suggest that models that assume
fully rational behavior are not adequate descriptive devices. In experimental
games, players do not mentally jump ahead 200 rounds, calculate optimal
noncooperative behavior in that round, and work backward. Experimental
players act in ways that suggest that they do not assume that their rivals are
fully rational and that they maximize utility functions that go beyond the
specified payoff matrix of the game.

7 Conclusion

Game theory offers economics, and industrial economics in particular, a
framework for analyzing interactive behavior. Real-world oligopolistic mar-
kets can be thought of as noncooperative games — each player seeking to max-
imize a payoff that depends in part on the actions of other players. Models
of oligopoly as games in extensive form and in strategic form are also ways of
thinking about the reasonableness of the assumptions the modeler has made
about the way players behave.

The basic solution concept for noncooperative games — Nash noncoop-
erative equilibrium — emphasizes the requirement that equilibria be self-
enforcing. Later refinements, such as subgame perfection, trembling-hand
equilibrium, and sequential equilibrium, extend this idea to games of im-
perfect information. Extensions to repeated games show that cooperative
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outcomes can emerge from noncooperative behavior.
Game theory adds powerful tools to the analytical methods available to
industrial economists. But (Shubik, 1981, p. 312)

It is important to bear in mind that three different skills are
called for in the investigation of oligopolistic markets. They are
the skills of the economist at describing economic institutions and
activities and selecting the relevant variables and relationships;
the skills of the modeler in formulating a mathematical structure
that reflects the pertinent aspects of the economic phenomenon;
and the skills of the analyst in deducing the properties of the
mathematical system that has been formulated.

Game theory offers rather more to the second and the third of these skills
than to the first. For game theory to make the greatest possible contribu-
tion to industrial economics, it is essential that economic analysis not be
overwhelmed by the technical skills required.
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8 Problems

A1l. These are the rules of scissors—paper—stone:

1. Two players simultaneously make shapes with their hands.

2. The shapes are

(a) scissors — two fingers spread apart;

(b) paper — palm facing down;

(c) stone — a fist.

3. If both players make the same sign, no one wins. Otherwise, the winner
is determined according to the rules

(a) scissors cuts paper;

(b) paper covers stone;

(¢) stone blunts scissors.

The winner of a round receives 1 euro.

(a) Suppose two players play a single round of scissors-paper-stone. Draw
the game tree for the extensive form and the payoff matrix for the strategic
form.

(b) Suppose the players play a supergame that consists of an infinite
number of rounds of scissors-paper-stone. Is there an equilibrium strategy
for the supergame?

See von Neumann, John and Morgenstern (1944, p. 94, p. 111).

A2 Consider a Prisoners’ Dilemma game with general cash payoffs, as in
Figure 12.

Player 2
Cooperate Defect
P
1 Cooperate R. R S, T
a
y
e
r
] Defect T,S PP

Figure 12: Payoff matrix for the Prisoners’ Dilemma game with general cash
payoffs.
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Discuss the conditions "> R > P > S and R > (T + 5)/2. See Axelrod
(1984, pp. 9-10).

A3 Figure 3 (Kreps and Wilson, 1982a, Figure 8) illustrates a game in ex-
tensive form.

(2,1,2) Ty T: (2,1,2)
b a
\
D, Player 1 Dy
a b
(1> 27 1) Tl
TG (27 07 0)
B A
Dy Player 2 Ds
A B
(0,0,2) T Ts (1,2,1)
b a
Dy Player 3 Dy
\
a \b’
(2,1,2) T3 Ty (2,1,2)

Figure 13: Game tree for problem A3.

(a) Show that the following strategies are Nash equilibria and subgame
perfect Nash equilibria:

(1) 7'(a) =1, 7*(A) =1, m3(d) =

(2) 7'(b) =1, 7*(B) =1, ©*(V/) =



(Hint: First calculate the realization probabilities — the probabilities of
the different terminal outcomes. Then calculate the expected payoffs of the
three players. Then show, for (1) and (2) above, that if any two players make
the indicated choices, the remaining player maximizes his expected payoff by
making the indicated choice.)

(b) Show that 7'(b) = 1, #*(B) = 1, #*(¥') = 1 is a trembling-hand
perfect equilibrium and a sequential equilibrium.

(Hint: for the latter, use the realization probabilities of the terminal
nodes from the answer to (a) to compute the probabilities of the decision
nodes according to Bayes’ rule. Then compute the expected payofts of the
three players and show that each player maximizes his expected payoff by
making the indicated choice.)

Remarks: The game may begin at Decision node D; or at decision node
D,. The initial assessment of the probability that the game begins at D; is
p; = 1/2. The initial assessment of the probability that the game begins at
Dyis py=1—p; =1/2. Row vectors give payoffs.

A4 Figure 14 (Kreps and Wilson, 1982a, Figure 14) illustrates a game in
extensive form.

Dy Player 1
/Player2
L V‘ L/
T
e I
-1 —2 2 —1 1

Figure 14: Game tree for problem A4.
(a) Show that 7 (R), ma2(r) = 1 is a sequential equilibrium.

(b) Show that (L), m2(l) = 1 is a sequential equilibrium.
Discuss.
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