Notes on the Mussa-Rosen duopoly model

Stephen Martin
Faculty of Economics & Econometrics
University of Amsterdam
Roetersstraat 11
1018 WB Amsterdam
The Netherland

March 2000



Contents

1 Demand
1.1 Firm A . . . . o
1.2 Firm B . . . .

2 Firm B’s best response function
3 Firm A’s best response function

4 Equilibrium values

45



1 Demand

In the most general version of the model, n consumers uniformly distributed
over [0, 0], where 8, > 0. Without loss of generality, normalize n = 1.
Firm A produces a variety of quality x4, firm B produces a variety of
quality x p; without loss of generality, let x4 < x -
Individual utility function:

u(f,x) = Ox —p. (1)
Quality-adjusted prices:
Pa
9, =2 2
o4 = (2)
PB
Opp = — 3
8= (3)

Consumers with 054 < 0 < 0y get positive net utility buying from A;
consumers with 0,5 < 6 < 0y get positive net utility buying from B; in
both cases, if the indicated intervals exist.

Marginal utility of quality of the consumer who receives the same utility
buying from A or B:

OaBXa —PA =0aBXp — DA

XB — Xa XB — X4
Note that
0 — X8 = xB)0ss + (965 — 0s4) Xa
AB =
XB — X4
= Oy + (O — Opa) —A— (5)
XB — X4
Hence
XA
Ospn—0,5 = (0,5 —0 e 6
4B — s = (0pp — 0pa) o= (6)
and
Opp > O0pa = Oap > Oyp (7)
0pa > O0pp = Ogp > Oap (8)

0 ap is the marginal utility of quality of the consumer who gets the same
net utility buying from A or B; nothing requires that utility to be positive.
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1.1 Firm A
(1) When would firm A supply the entire market?

Oxs—pa>0xg—pspVOand Oy, —ps >0V0
pp—0(xg —Xa) 2 PaV0and Ox, >pa V0

pa < min[pg — Ou(xp — Xa)s 00X Al

9¢>A S min [X—BH¢B — 9H (X—B — ) ,HL] (9)
XA XA

(2) When would firm A sell nothing?
Oap < 0r

XBYsB — XA0sa
XB — X4

<4

X598 — Xatsa < 0L (X5 — Xa)

XB9¢B -0 (XB - XA) < XA9¢A

X—B9¢B -0 (Q - 1) < Opa
XA XA

0pa > O4p or equivalently py > i—;pB; Oap < Opp < Osa = qo = 0;
0pa > 0g = q, = 0; hence

0¢A2min (X—B0¢B—9L <X—B—1> 79¢B;9H> :>qa:0. (10)
XA Xa

Normally we would automatically limit attention to 0 < 044 < 0y, so we
would write

0,54 > min (@%B—QL (X—B—1> ,0¢B,> — gu=0 (11)
XA Xa



(3) now consider Oy4 < 045

Opa < Oy = 0pa < Opp < 04p

01, <044 and 044 < 04p or equivalently 0. x4 < pa and py < i—ng;
Opa < bOpp = 01 < 04 < 0yp < 04p,

qaa [min(@AB, QH) — 0¢A] . (12)

T 9, —0,

Together, the conditions are 0, < 0434 < 04p or O, x4 < pa < v J2
(3a) When is 0,5 < 0y7

P — Pa <0,
XB — X4

P —Pa < 0u(xXp—XxX4a)

pB—0n(Xp — Xa) < Pa
Since we already require x4 < pa < ;—gpg, the overall condition for
QAB S HH and

B N
qA_QH—QL

(Oap — Os4)
is
max [0 4, p5 — (x5 — Xa)] < pa < %pB (13)
B

Expressed in terms of quality-adjusted prices
ol () i) <22
XA \XB XA XA  XB
max leL, XBG.p— On (X—B - )1 < Opn < 0. (14)
X

(3b) pa < p —Ou(Xp — Xa) = Ou < Oan
Since we already require x4 < pa < i—;‘pg, the overall condition is

0.x4 < pa < min [;—APB;Z?B —Ou(xp — XA)] (15)
B



or, expressed in terms of quality-adjusted prices,

0L S 94),4 S min 04)3, X—B9¢B - 9[{ (X_B - )] ) (16)
XA XA

and for ps /6,4 in this range,

_ Ou —04a

=2 es 1
9U="9 g (17)
When is
@%B — 0y (X—B - 1) < OB
XA XA
(32 - 1) <o (32 1)
XA XA
Opp < Oy
so condition reduces to
0L < B5n < X245 — 0y (@ - ) : (18)
XA XA

(4) Now consider 0¢A S 0(1337 0¢A S 0L, 9¢>A Z max [O, i_jed)B - QH (i—j — >]
Opa < Opp = 0Oya < Oy < Oap (as before); A sells from 6, to
min (QAB;QH)7
B 1
Oy — 6
We know that 0,5 < 0 for

qa [Hlln (QAByeH) _QL] . (19)

pE —0u(X5 — Xa) < Pa
or, in terms of quality-adjusted prices,
@9(;53 — Ou <X—B - ) < Opa;
XA XA

but the latter is satisfied by assumption in the region under consideration;
hence

_ Oap—0g

ga = H (20)



Summary:

1 0 < 0pa <01,0p4 < 04p
Or—04n XA _ Xa
- X29¢A+0H( x,:) < Opp < 0,040 > 01

Op—0r

0ap—04
S22 Gan < Opp < X0p0 + 0 (1-54) 00 2 0,

0701

0 Opa > O

qa = (21)

1.2 Firm B
When would firm B supply the entire market?

Oxp —pp > 0x,—paVOand Oxg—ppg>0V4H

or

O(xg—Xa) +Pa>pp¥0andOxg>ps V0o

0. (xg — X4) +Pa>ppand O xg > pB

XB XB XA XB XB

0 (1 — ﬂ) - ﬁedm > Osp and 01, > 045
Xn XB

The condition for firm B to supply the entire market is

0(/53 S min l@L,QL ( - ﬁ) + &9¢A‘| (22)
XB XB
And if gg = 1 in this region, g4 = 0.
Note: another way to interpret the condition
Osp < 0 (1 — M) + ﬂew
XB XB

is as being derived from

Oap <05



PB —PA <0,
XB — XA

P <pa+0L(xX5—Xx4)

Consider the line

Bop = 0, (1 - ﬂ) + 246,
XB XB

I£ 0 = 0, Ops = 0y (1= 22 ). 1 04 = 1, 0 = 0.

Hence the line 6,5 = 0, (1 — ;—g)—#;—g@M connects the points (0, (1 — ;—2))
and (QL, QL)
When would firm B sell nothing?

Oxp —pp <0V
Oxg <pp V0O

g <PB vy
XB

9H§p—B

XB
9H < 9¢>B (23)
qp also equals zero if 0,5 > 0y

P — Pa

> 0y
XB — Xa
P — Pa > 0,
XB — X4



XA XA
Opp > —=0pa + 0 (1 - —) 24
i XB i " XB 29

As before, the line 0,4 = ;—’30(/53 — <i‘<—‘j — ) connects the points

<0, O <1 - ;—2)) and (0, 0y) (now thinking in terms of (6,4, 0,5)-space).
What about 0L < 94)3 < 0(/514 < QH? 9(/53 < 04),4 - QAB < 94)3 < 0(/514-;
then
1 O — O4sp

_ _ _ ZH Y4B 2
0 — 0; (QH max(9¢37 HL)) O —0; ( 5)

qa

What about 0;, < 045, 0pa < 0sp < i_geqm + 0y <1 — §_2>7
Opa < 045 = Osa < Oy < Oap; by its derivation, for O,5 < %GM +
O <1 - i—“‘), 04 < O5; hence

B

N

= 9,4, (O — Oan) (26)

qa
Final region: 6, (1 — ;—;) + )’é—;@(pA <Oyp <0, < §—26¢A + 0y ( — i—;),

0 < 0,1 <0,
By its derivation, 0, (1 — X—A> - §—29¢A < Oy = 05 > 01; 50 Oyp <

XB
01, < 04p.
Hence also

O — Oap

. 2
s (27)

ga =

2 Firm B’s best response function

Firm B’s payoff must analyzed for two ranges of 044, 0 < 844 < 0, and
0 <04 <0q.
(B1) 0 < 044 < 0;. The quantity demanded of firm B is

1 0§9¢B§§_;9¢A+( _i_;>0L
Gp | BopE A4+ ( - ;—g) O, < 0pp < 2054+ < — ;‘—2) Oy (28)
X X
0 ﬁ9¢A+(1—ﬁ>eH§9¢B§9H



(B1.1) ¢ = 1, 75 = peas = XpYspas = XOss. The local maximum of
B’s payoff function occurs when B makes 645 as large as possible consistent
with being within the limits that define region B1.1, that is,

* XA XA
0%, = =204 + < — —) 0r. (29)
P xp i XB
_ B Py
(B1.2) gp = %, Tp = PBYB :X39¢BG§IH_eff = 9HX59L9¢B O — = Z—iﬁﬁ M) :

The global maximum of the region B.1.2 payoff function occurs at

0 2X39¢B - XA9¢A
-

=0, 30
XB — XA ( )
and for 8,5 defined by this first-order condition
XB 2
T = 0% ... 31
"= W = 00) xp =) (31)
Solve the first-order condition for

* 1 XA ( XA ) ]
05, == | =204 + — =L ) 0y . 32
°E 2 le i xs/) " (32

05 lies within region B.1.2 if

XA XA * XA XA
—04+(1——>9 <46 <—94+<1——>0H. 33
XB ? XB g o5 XB ¢ XB ( )

If this inequality is satisfied, the global maximum of the B.1.2 payoff
function lies within region B.1.2 and, because the B.1.2 payoff function is a
parabola, 035 is firm B’s best response price.

The right-hand inequality is always satisfied. The condition for the left-
hand inequality to be satisfied is

1
Xag . | (1 _ X_) 9, <L [ﬂedm n (1 _ X_) QH} (34)
XB XB 2 | X XB

2Xdp 42 (1 - ﬂ) oy < X409, + (1 - ﬂ) O
XB XB XB XB

&94),4—}—2( —&> 0, < <1—ﬁ) On
XB XB XB
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Xdg ., < (1 _ ﬂ) (05 — 20;)
XB XB

Opn < (X—B - 1) (0 — 20,) (35)
XA
Remark 1: if 5 < 260;, the right-hand side of (35) is negative and the
global maximum of the B1.2 region payoff function lies in region B1.1; the
local maximum of the B1.2 region payoff function in region B1.2 occurs at
the boundary between region B1.1 and region B1.2, and this is firm B’s best
response price:

07 (Bpa) = X406, + (1 - ﬂ) 0. (36)
XB XB
Remark 2: we are considering the case 0 < 044 < 6. If
XB
0, < (— - 1) (02— 261). (37)
XA

then the left-hand inequality in (33) is always satisfied for case B1, the global
maximum of the region B1.2 payoff function lies in region B1.2 and is, by
the shape of the payoff function, firm B’s best response price.

(37) can be rewritten

13(22—?—1) (Z—IZ—Q). (38)

(38) is satisfied if x5/x 4 and 0 /60, are both sufficiently large — if qual-
ities are sufficiently different and preferences (marginal utilities of income)

sufficiently diverse.
0§<@—1)<9—H—2>§1, (39)
XA 0

If
then (34) is satisfied for

0< Oyu < (X—B . ) (O — 201), (40)
XA
and over this range firm B’s best-response price is (32)
11X XA
0. (0 :—[—Ae +< ——)e };
o(0pa) = 3 e )
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while for

(X_B - ) (O —201) < 644 < 0y, (41)
XA

(34) is violated and firm B’s best response price is given by (36)
XA XA
0% (054) = =20 +<1——>9.
o5 (054) o )

(B1.3) gz = 0, mp = 0; B’s best response price never lies in this range.
For 0, =x,4=1,0y = x5 =5,

(- (-9 (G) 5o

For these parameter valuestp = % [;—29@ + <1 — ;—g) GH}

. 11 1 1
0< 0¢A <1]l=—= 92)3(9@4) = 5 |:50¢A + (1 — g) 5:| =2+ 1_09¢>A-

(B2) 8, <644 < 0p. The quantity demanded of firm B is

1 0< 0y <0
00
e 0, < Osp < 0sa
a5 —eéiH__efLB Opa < Opp < 404 + < - §—2> On (42)

0 X0+ (1-22) 0y <05 <0y
(B2.1) 0 < 645 < 0},
g = 1, 75 = pas = XPs898 = Xplss. The local maximum of B’s

payoff function occurs when B makes 0,5 as large as possible consistent with
being within the limits that define region B2.1, that is,

For 0, = x, =1, 0y = x5 = 5, the local maximum payoff on region B2.1
is

T = Xp0spas = 5(1)(1) = 5.

(B22) HL < 9¢>B < 0¢A
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0 —04 O —0.,
a5 = 53— T8 = P = Xplon g = 7L 0 (On — Osp).
X
T8 045 (0 — Os5)

T 0y —0,

is a parabola with value 0 at 045 = 0,05 and global maximum of the region
B.2.2 payoft function occurs at

1
O = 500, (44)

and for 045 defined by this first-order condition firm B’s payoff is

o I xp 2

(44) lies in the range that defines region B2.2 if
1
Or < 50 < Osa. (46)
If

Oy < 207, (47)

the left-hand inequality in (46) fails, the global maximum of the region B2.2
payoff function lies in region B2.1 and the local maximum of the region B2.2
payoff function on region B2.2 is the boundary between region B2.2 and
region B2.1, 05 = 0, (43).

If 5 > 260, the local maximum of the region B2.2 payoff function on
region B2.2 is

* eL 6’L < 9(/514 < %GH
9¢B Bl { %QH %QH < Opa < 0n (48)
with corresponding payoft
* XBHL 9L S 0(1314 S %QH
e { iGHXfeLQ%{ %QH < Osa <0p (49)

For 0, = x4, =1, 0y = x5 = 5, local maxima and local maximum payoffs
on region B2.2 are

W__{llsewsg
T3 §<0m<5



L { 5 1 <044 <3
B = 15 2 _ 125 5
150" =3 55054 <5
(B2.3) 044 < by < 34054 + < - %) Or
dB = %7 B = PBYB :XBQ¢BO£H—9;LB - QHX—B@LQ(]SB eH - W) '

The global maximum of the region B.2.3 payoff function occurs at

9 2X39¢B - XA9¢A
-

=0, 50
XB — Xa (50)
and for 045 defined by this first-order condition
\2
™ — B 03)3 (51)

(0r —0r) (X5 — Xa)

Solve the first-order condition for

1
0 == | 0,0+ (1-24) 0, . (52)
2 [xp

XB

075 lies within region B.2.3 if

Osn < % l%eqm 4 ( - ﬂ) eH] < Xap i+ ( - X—A) by (53)
B

XB XB XB
24 < X404 + ( = X—A) O < [X—Ae(,m + ( _ X—A> eH] . (50
XB XB XB XB

The right-hand inequality is always satisfied. The left-hand inequality is
satisfied for

204 < X404 + ( = X—A> O

XB XB
(2—Q>Q¢Ag (1—E)HH
XB XB

Xa
Opa < 5 Z
XB
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We now consider the case 0, < 044 < 0p. If

_ XA

0y <6, (55)

XB

the left-hand inequality in (54) is never satisfied.
(55) can be rewritten

X5 )
X p—
_ﬁ 04
1 0
S —e_L
XB i
0r, 1
1—- =
O — 2—24 (56)

(%) (-3

(Compare with (38) and (39)).

If 01,/0g and x4/ xp satisfy (57), the global maximum of the region B2.3
payoff function occurs in region B2.2 and the local maximum of the B2.3
payoff function on region B2.3 is the boundary between region B2.3 and
region B2.2,

HZ&B = Opa- (58)
If
13(1—6—L)<2—ﬁ>, (59)
On XB
then
1—Xa
01 < 2_§_§QH§9H- (60)
XB

Best response prices and payoffs are

0, 3 [i—;’@m + < - :—’;) QH} 9L§ Opa < ;%91{ 61)

054 x50 < 0pa < On
XB
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and

. 1lxa ( XA) ] 1 X% le ( XA
g . == X9, 4+ (1-X4)9 - Xag 4 (1-2X4
P2 le A xz) 400 —01) (x5 — xa) Lxs X5

2 2 1-XA
. i(eH*QL))C(BXB*XA) [%QW‘ T <1 N %) QH} 0L < 0sa < 522 0n
= X5 0 0 XBYpa—xabpa | _ O —0sa 1_% v
005 A < H— W) = X39¢>A < pEJ— > 2_;2_291{ < 9¢A <Oy
(62)
respectively.
For 0, = x4 = 1, 0y = x5 = 5, the local maximum best response

function and payoff on region B2.3 are

1—4

%:{ 1[20pa+ (1-1) (5)] =2+ F0sa 1< 040 < 53(5) =2

Opa < Opa <5

Ty =

2 2
i(ﬁ&) (44 505a)" =8 (2+ 50sa)" 1< 050 < F =25
0110,
Vilon (B52) = 3004 (5~ 0pn) B <0pu <5

(B2.4) 20,4 + (1 - 24) 0y < 04 < by

XB XB
qs = 0, mg = 0; B’s best response price never lies in this range.
Summarize results for the four ranges that make up case B2:
(B21) 0<0pp < 1: Oy =0, =1, mp = 5(1) = 5.
(B22) HL S 9¢>B S 0¢AI

o {1 1 <054 <3

B — 5 5

? 5 3 <0s4<5

. { 5 1 <054 <3

Tg = 1 5 /5\2 125 161 5
1B =@ =1g 3560 <5

(B2.3) 044 < Opp < 4+ 2044

o 24 £0pa 1< fpp <2
0B 044 B <hpa <5
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1_5 1 2_ 25 1 2 20 _ 92
S R ) (4 Jer 599¢A) =B (24 150p4)" 01 <0pa < T =23
XB0sa ( éf;ff) = 2054 (5 — 042) TS 0pa <5

(B2.4) 4+ 10454 < 044 <5: qg =0, 75 = 0.
Comparing regions B2.2 and B2.3, we can assemble the table

0%p L
B2.2 B2.3 B2.2 B2.3
1 §9¢A SQ% 1 2—}—%9@4 5 %(24—%9@4)2
2% < Opa < 27 % Osa 135 §9¢A (5 —04a)
25 < equ <5 5 9¢A o4 Z‘%A (5 — 0¢A)

Compare payoffs at the two local maxima in each of these three regions.

1 <44 < 2%: B’s payoff in region B2.2 at 045 = 1 is 5. As 0,4 varies
from 0; to 0y, B’s payoff in region B2.3 increases from %—2 (2 + %0(1))2 =
A= 657 to 2 (24 1—10(5))2 = 85 — 922 and is always greater than B’s
payoff in region B2.2 at 045 = 1. For 1 < 44 < 2%, B’s best-response
quality-adjusted price is 9%(%14) =2+ 15044

2% < Opa < 2%: B’s payoff in region B2.2 at 045 =1 is 5.

5
4> 5044 — 05,
054 — 5054 +4>0

(0pa — 1) (Bpa —4) >0

This fails for 1 < 8,4 < 4, is satisfied for 4 < 6,4 < 5. Since we
consider the range 2% < Opa < 2%, the global maximum of B’s payoff is
2044 (5—0s4) = 2044 (5 — 044) for the best-response quality-adjusted price
055 (054) = Oa-

2% < 044 < 5: B’s payoff in region B2.2 at 0,5 = 2.5is 125/64. B’s payoff
in region B2.3 at 05 = 0,4 is %9(1) 4 (5 — 644). This takes its maximum value
33(5—5) = 1% for Gy4 = 5/2 and falls to 0 for 654 = 5. The global
maximum of B’s payoff is at 9%(%14) = 2.5.

Firm B’s best-response function is

2+ 15054 0<0p4 <1

24 Lh,4 1<hyu<
br — 10 PA > UpA > 9
9¢>B(9¢A) 9¢A % < 9¢A S%

%QH %§0¢A§5
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3 Firm A’s best response function

Firm A’s payoff must be analyzed over the following ranges:
(A1) 0 < Oy < (1 - §—2> o;
A2) ( _;_g>9L§0¢B§9L
A3) 01 < 05 < (1— %) 0
( _X_;>9H§9¢B§ ( _;é_;>9H+;§_geL
A5) (1- %) 0 + 220, < 0y < by
0
0

A0 <0ys < (1-22) 0,

XB
gs =0, m4 = 0. Firm A’s payoff is 0 no matter what price it sets.
(A2) (1— §—2> 0, <8y <0

(A21) 0 < 05 < %205 — (22 - 1) 6.
The right-hand boundary is the line along which 045 = 0;,.

Oap—0 )
qa = f:_gLLv ™A = XAe(bA QAHB_QLL-
X5YsB — Xabpa
A= XA 9¢A<B¢ AY¢ _9L>_
On —0r XB — X4

The first-order condition is

Xplos — 2Xalsa 5 _
X5~ Xa ’
from which firm A’s payoff along the first-order condition is

(XAQ:SA)Q
(O —0r) (x5 — Xa)

T =

Solve (64) for

X508 — 2Xa0s4 = (X5 — Xa)0L

2X 04 = Xplos — (X5 — Xa)0L

[X—39¢B _ (X_ _ 1) QL} |
XA XA

18

DN —

9;)14:



074 given by (66) lies in region A2.1 if

og%lﬁe(w—(X—B— )eL] g);—Bew—(X—B— >9L. (67)

XA XA

Both inequalities in (67) are satisfied for

XBg. s — (@— )eLzo
XA XA

0o > (1 - —) 0y, (69)

XB

a condition which is met by the definition of region A2.
Hence the global maximum of firm A’s region A2.1 payoff function lies

in region A2.1, and the local maximum of firm A’s payoff function in region
A2.1 is given by (66).

(A22) Xeg,, — <§§_B — ) 0, < 044 <0n: qs=0, 74 =0.
Firm A’s payoff is 0 no matter what price it sets. Hence firm A’s best-
response quality-adjusted price in region A2 is given by (66):

(69)

For 0, =x,=1,0n = x5 =05, (69) is
115 5 1

4
0?;;4(9(1)3) = 29(1)3 — 2 for g S 0¢B S 1.

This is the equation of the straight line connecting (0,%) and (3,1) in
(044,048)-space.
(A3) 0 < 45 < ( _ X—A) Orr

(A3.1) 0 < Opa < 010 qa = Q800 1 = x40, 00800,

Oap — 0L XA X39¢>B — XA0¢A 7
p— — 0 - 0 .
T A XAed)A 0 91; 0 (91; PA Y Y L ( 0)
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From the discussion of case A2.1, the global maximum of firm A’s region
A3.1 payoff function occurs at (66)

* 1 XB XB
=_ |Z220,5 — [ &= — AR
AT [XA or (XA t

This lies within region A3.1 for

0< lX—B%B - (X—B - 1) HL] <0y (71)
21Xxa XA

The condition for the left-hand inequality to be satisfied is

X—Bew—(@— )eLzo

XA XA
@9(;53 > (X—B — ) 05
XA XA
o > (1 - X—) 0. (72)
XB

which is met by definition of region A3.
The condition for the right-hand inequality to be satisfied is

X—Bequ — (@ — ) 0, <20y
XA XA

XBg.y < (ﬁ - ) 01, +20,
XA XA

XBg.p < (X—B + 1) 0,
A

X XA
0,5 < 1+ X4
6B = + =10 (73)
XB

Case A3 is defined for values of 45 in the range

0 <0y < ( —&>9H.
XB

20



If

( - X—A> O < (1 + X—A> 0L, (74)
XB XB
then (73) is satisfied for all of case A3.1, the global maximum of the region

A3.1 profit function occurs in region A3.1, and is given by (66).
(74) can be rewritten

1—;—; Q_L
1424 = 9y
XB

0L 2

.

Oy — 1422
XA

(1 - Z_D (1 n i—j) <2 (75)

This will be satisfied if 6, /0y is sufficiently large (marginal utilities of
quality slightly dispersed) and x /x4 sufficiently small (qualities relatively
close together).

If (75) is not met, then

9L§<1+X—A)0Lg(—ﬂ>elf (76)

XB XB

1—

For 0, < Oy < <1 + ;—g) 61, the right-hand inequality in (71) is satisfied,
the global maximum of the region A3.1 profit function occurs in region A3.1,
and is given by (66). For (1 n ;—2> 0, < O < ( — ;—g) 6., the right-hand
inequality in (71) is violated and the global maximum of the region A3.1
profit lies to the right of region A3.1. The local maximum of the region
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A3.1 profit function in region A3.1 is the boundary between region A3.1 and

A3.2, the line 044 = 0.
The local maximum of the region A3.1 profit function in region A3.1

occurs at

1 |[xB XB x4
;A _ 2 [E(%B - <XA ) QL} 0 < 0sp < <1 + X;) 0 |
0, (1+%) 0, < 04n < (1-24) 0y
(77)
It Opp = <1 + ;—g) 01, the value of 07, along the first segment is
1
9 (X_B (1+_> 0L — (X—B—1)9L> = 0.
Payofts are
* im [XBQ¢B - (X - XA) HL]Q HL < 9¢B <1 + XA) HL
Tr(bA - XAXB XA X
() (it ) G = 60) (1+%) 00 <045 < (1-24) 0n
(78)

For 0, =x,=1,0y = x5 =05, (77) is

e falies = (3D (W] =500 —2 1< fpp <3
o4 1 2<0pp <4

The first segment connects the points (3,1) and (1, 2) in (044, 045)-space.
The second segment connects the points (1, %) nd (1,4) in (A4, 045)-space.
Payofts are
1 1 2 6
Ty = { T T0 0, [XpOos — (XB — Xa) 0] é <Opp <3
7% (0 — 1) : <0tz <4
. _ 0ap—b4a _ 0aB—044
(A32) eL < 94)14 < 0(/5B qa = 0g—0r TA = XAe(bA 0,,—0,
Rewrite the expression for 045 — 044 as
eAB — 9¢>A = XBG¢B — XAQ(]SA - 9¢>A = X—B (9¢>B - 0¢A) (79)
XB — XA XB — XA
i Opa (O — Opa) (80)

" 00— 01) (X5 — xa)
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The first-order condition to maximize (80) is
9¢B - 29¢>A = 0, (81)

from which firm A’s payoff on the first-order condition is

£ XAXB x )2
A =) (v =) ) 2

Solve (81) for
. 1
Ooa = §9¢B- (83)
0;‘5 4= %94)3 lies within region A3.2 for

0 < %%B < 45 (84)

The right-hand inequality is always satisfied. The left-hand inequality is
satisfied for

20, < Oyp. (85)

Case A3 is defined by the inequalities 0, < 0,5 < (1 — ;‘—g) Op. If

( _ ﬁ) O < 20, (86)
XB

then (85) is violated for all §45 in Case A3.2, the global maximum of the
region A3.2 payoff function lies in region A3.1, and the local maximum of the
A3.2 payoff function on region A3.2 is the boundary between regions A3.1
and A32, 0¢>A = GL.

(86) can be rewritten

| Xa o0
XB H

1§29—L+ﬂ. (87)
On XB

If (87) is violated, then 7 < 20 < < — i—;) 0y and

. 0r, 0 < 0y < 20y, 88
P4 20sp 29L§9¢B§< —§—2>9H (88)
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For 0, =x,=1,0y = x5 =05, (83) is

g 1 1 <0y <2
¢A 30 2<0,5 <4~

The first segment is a line connecting (1,1) and (1,2) in (644, 045)-space.
The second segment is a line connecting (1,2) and (2,4) in (644, 045)-space.

(A33) 0(/53 S 9¢A S QHE qa = O, A = 0.

Collect results for Case A3:

A3.1:

_— 20 —2 1 <045 <2
¢4 1 $<lpp <4

with payoffs

1)2 2 2
. s (3005 —2) = &5 (3005 —2)" 1< 0,5 <
A T 505 —(1)(1
’ ﬁ(l)(—ﬁ_ﬁ)“ 1) =55 (6on —1) < bpp <4
(A3.2)
AT 045 2<04p <4
with payoffs
L A (P 1) = E B - 1) 1< 0 <2
A T
6 (B (%9(/53) = 593)3 2<0,p<4

WG (1, \
G DG (59@)

o 1 < 9¢B < —: compare payofls at the two local maxima, 7 ( Osp — 2)2
Versus == (0(,53 - 1)



Hence setting 044 = %04)3—2 gives firm A the greatest payoff for 1 < 0,5 < %;
b 5 6
0¢A(9¢B) = 594)3 —2for1 S 0(/53 S g
This is a straight line connecting (3, 1) and (1, g) in (04, 045)-space.
° g S 9¢>B S 2: 0?;;4(9(1)3) =1.
This is a straight line connecting (1, g) and (1,2) in (044, 0,p5)-space.

e 2 < 0,5 < 4: compare payoffs at the two local maxima, 1—56 (Opp — 1)
Versus 6—‘19353.

5) 5) 5)
s10on — 15 Oon — 1) = 57 (s — 2" > 0.

Hence
1
92;4(0(133) = §0¢B for 2 S 9¢>B S 4.

This is a straight line connecting (1,2) and (2,4) in (64, 045)-space.
Firm A’s best response function in region A3 is

3008 =2 1< 0,5 <3
054 (0g5) = 1 2 <fyp <2
0,5 2<0,5<4

(A4)( _§_2>9H§9¢B§( —;—;>9H+§—20L

(A41) 0 S 9¢A S ’;—iew — (;—lj — 1) QHI qa = 1, A= XAH(;SA
The right boundary is the line along which 0,45 = 04.
A maximizes its profit in this region by making 6,4 as large as possible

consistent with remaining in the region,

* XB XB
0 =2L0. — (X2 1) 0y, 89
oA XA oy (XA ) " (89)

and A’s payoff is

—— K—j@w _ (f{—j _ ) 0H] b — O (p— ). (90)
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For 0, =x,=1,0g = x5 =5,

QZA:5(9(1)3—4),71'2:5(9(1)3—4).

(A4.2) i—f%B—(i—i - > O < Ops < 0p: qa = %8820 7\ — \ 0, %08=0

Og—0r O0g—0r

XA XBQ(/SB — XA0(75A )
T = 0 —0r ). 91
T 0y -0 M( XB — Xa " oy

The first-order condition to maximize (91) is
XY — 2X 4094 !
XB ~ XA

from which firm A’s profit along the first-order condition is

L =0, (92)

(XA%A)Q
T = ) 93
AT (00— 01) (x5 — Xa) ©3)
Solve (92) for
. 1lxp (XB ) }
=_— |20, — (22 —-1)0,]|. 94
4T [XA vy XA 8 (64

074 defined by (94) lies within region A4.2 for

1
XBg 5 — (ﬁ - 1) Oy < = {X—Bew - (ﬁ - 1) eL] <6, (95
XA XA 2 [Xxa XA

The left-hand inequality is satisfied for

oXBg 2 (X—B _ 1) Oy < X80, — (X—B _ 1) 0,
XA XA XA XA

XBg .y < (ﬁ . 1) (201 — 01).

XA XA
Oy < ( - X—A> (20m —01) . (96)
XB
Case A4 is defined by the inequalities
( —ﬁ)eng(ng ( —ﬁ> O + X0, . (97)
XB XB XB
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If

( _X_A)0H+X—A9L§ ( —X—A) (200 = 01), (98)
XB XB XB

E9L < ( - &> Oy —05)
XB XB

sE)E).

then (96) and the left-hand inequality in (95) are satisfied for all 6,5 in case
A4; the global maximum of the region A4.2 payoff function does not lie in
region A4.1.

If (99) is not satisfied, then

( _X_A) (29H—0L)§( —X—A>9H+X—A9L

XB

and for

(20— 0,) ( - X—/*) <0y < ( . ﬂ) 0n+ X0, (100)
XB XB XB

the left-hand inequality in (95) is violated; the global maximum of the region
A4.2 payoff function lies in region A4.1, and the local maximum of the region
A4.2 payoff function on region A4.2 is at the boundary between region A4.1
and A4.2.

The right-hand inequality in (95) is satisfied for

XBg 5 — (@ - 1) 0, <20,
XA XA

XBg.s <20, + (X—B = > 0,
XA XA

XBg.p < (X—B + 1) 0,

XA XA

0., < (1+2X4)0

o< (1+24)0, (101)
XB
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From (97), if

( . X—A) O + 240, < (1 + X—A) 0, (102)
XB XB XB

then (101) is satisfied for all 8,5 in case A4 and the global maximum of the
region A4.2 payoff function does not lie to the right of region A4.2.

Rewrite (102) as
( — X—A) O <0
XB

0L XA
1< =4+ == 103
0y Xxg (103)
If
1§min[<x—3— )(Q—H—l),e—L+X—A:| (104)
XA 01 On  Xs

then (99) and (103) are both satisfied and the global maximum of the region
A4.2 payoff function lies within region A4.2 for all 6,5 in region A4. If (104),

1

XA XA XB XB XB
If
(@—1)<9—H—1>§1§9—L+ﬁ, (105)
XA 01 Ou x5

then the right-hand inequality is satisfied for all 6,5 in region A4, the left-
hand inequality is not satisfied for some 6,45 or all in region A4.
Noting that

( _ &) 0, < ( _ ﬂ) (205 — 0,), (106)

XB XB

we have for this case

( —X—A>9H§( —X—A>(29H—9L)S< _X_A>9H+&6LS(1+E>9L
XB XB XB XB XB

(107)
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If (107), both inequalities in (95) are satisfied in the lower range of 64z,
(—%ﬂHg%Bg<——)@%—%)mmuwwmwmmw@

ity is violated for the upper range of 6,p, < — )’g—;) (20 — 01) < b4 <
X X
(1-22) 0y + 20,.

b4 =
bt - (3= 1) 0] (1-3) 00 <0un < (1-3) (200 - 00)
0y, — (1) 0 (1-22) (205 —0,) <0y < (1-22) 05 + 220,
(108)
If
CoesE)E)

then the left-hand inequality in (95) is satisfied for all 6,5 in region A4,

(—ﬂ>%+ﬂﬁg<—ﬂ)mﬂwm
XB XB XB

the right-hand inequality is violated for some 6,5 in region A4,

O+ )ﬁ <—ﬂ>%+ﬂ&.
XB XB XB

Hence if (109)

O+ )& (—ﬂ>%+ﬁ&§(——>mﬂwg (110)
XB XB XB XB

There are two subcases to consider,

(1__) oy < (1+—) 0, < (1__) 0 + X9, < (1_M) (205 — 0,).
XB XB XB XB XB

(111)
and
@+ﬂ>ﬁ§<—ﬂ>%s<—ﬂ)%+ﬂﬁ§<—ﬁ>mﬂ%m
XB XB XB XB XB
(112)
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The condition for (111) is

(1—ﬂ>9H§ (14—&)&
XB XB

X

1—ﬁ Q_L

1+X4 — gy
XB

1+34 7 0n
2 g
1+ ;—2 ~ Oy
0
2§(1+—L) <1+ﬁ). (113)
Ou XB
If (113), then
b4 =
i (0] (- )<nas ()
0, (1+22) 00 <095 < (1= 22) 0 + 220,
(114)
with payoffs
W;)A —
(XBO¢>Bf(XfoA)9L>)2 ( o X_A> 9 < 9 < (1 + X_A) 9
40 —01) (x5 —x4) xg ) H =VeB = xs )k

] .
T (Bon = 00) (1438) 0 < 60 < (1-3) 0+ 36,
(115)
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If in contrast

2> (1+9—L) <1+ﬁ), (116)
On XB

then in

(1+ﬂ>9Lg (1—M)9H§ (1—M>HH+ﬂ9Lg (1—ﬂ) (20 — 0,),

XB XB XB XB

< — §—2> 0y < < — ;-2) Oy + ;—20,; < ( — §_2> (20 — 61) implies that

the left-hand inequality in (95) is satisfied for all 6,5 in case A4, while

<1 + ;—g) 0, < (1 — ;—g) 0y < ( — ;—2) O + ;‘—EGL implies that the right-
hand inequality is violated for all 045 in case A4. The global maximum of
the region A4.2 payoff function lies to the right of region A4.2 throughout,
and the local maximum of the region A4.2 payoff function on region A4.2 is

the boundary between region A4.2 and region A4.3,

044 =01, for ( - &> On < 0pp < ( — &) O+ 240, (117)

XB XB XB
with payoff
\ XaXBL ( XA> ( X4
= O —0;) for — 22 )0y < b, < AT Y
A= W= 61) (o — ) o2~ 0 xg) TS X5
(118)

For 0, = x4 =1, 0y = x5 = 5, region A4 is defined by the inequalities
1 1 1
5(1—=) <8, <=(1 5)11—-=
(1-3) <t <3040 (1-3)

1
4 0pp < 4z

(112) is satisfied

(1+ﬂ>9Lg (1—M)9H§ (1—M>HH+ﬂ9Lg (1—ﬂ) (20 — 01)

XB XB XB XB XB

o] =
VAN
N
VAN
N

o] =
VAN
\]

(S



1
92A21f0r4§9¢3§43

with payoff
. 5 1
7T¢A:1—6(9¢B—1) for4§0¢3§4g.

(A43) eL S 9¢A S 94)3 QA et 9AB*9¢A7 ﬂ—A — XA9¢A9AB*9¢A

O0g—0r O0p—0r

XAXB
T = o) 0. —8 . 119
A= G =01) Ocg — o) 24 (Bom = Boa) (119)

From (82), firm A’s payoff along the first-order condition is

= XaXB ( *A)2
(0n —01) (xp — xa) * Y7
and the global maximum of (119) occurs at (83)

*

1
— 0,
PA 2 ¢B

074 defined by (83) lies within region A4.3 for

1
9L < 50(1)3 < 0¢B- (120)

The right-hand inequality is always satisfied. The left-hand inequality is
satisfied for

20, <048

Region A4 is defined by the inequalities
( _E)QHSQ(/SBS ( —X—A>9H+X—A0L
XB XB XB
If

20, < (1 - M) 011, (121)
XB

then the left-hand inequality in (120) is satisfied for all 6,5 in case A4.
Rewrite (121) as



QZ—L XA o (122)

If (122) is satisfied, then so is the left-hand inequality in (120), and the
global maximum of the region A4.3 payoff function lies in region A4.3.
If (122) is not satisfied, then

( - ﬁ) O < 20
XB
for
(1 — M) 0 < 0pp < min lQHL, (1 - M) On + &94 (123)
XB XB XB

the local maximum of the region A4.3 payoff function on region A4.3 is the
boundary between region A4.2 and A4.3.
For 0, = x4 =1, 0y = x5 = 5, region A4 is defined by the inequalities

1
4 0pp < 4z

2 ! +1<1
5 57

The global maximum of the payoff function lies in region A4.3 for

(122) is satisfied:

1
1< §0¢B < O4p

2 <0yp < 204p,

and this is satisfied for 45 in the range 4 < f4p5 < 4%.
A’s payoft is

(1)(5) Lo\ 5
* Z0 — 29
M B G-1\2%") T8

(A44) 0(/53 S 9¢A S HHZ qa = 0,7TA =0.
Firm A’s best-response price would never be found in this region.
Collect results for case A4, 4 < 0,5 < 4%.
(A41) 0 S 9¢A S 5 (9¢>B — 4) 0;),4 = 5(0¢B — 4), 71'2 =5 (9¢>B — 4) .
(A42) 59(1)3 —20 S 9¢A S 1: 92’14 = 9L = 1, 71'2 = % (9¢>B - 1)
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(A43) 1 S 9(/514 S 9(/53; 0:;514 == %94)3; 7T2 = %923
The region A4.2 payoff is never less than the region A4.1 payoff:
D O — 1) — 5 (B — 4) = —=(63 — 156,5)
T F T 6 ver
This difference is positive for 6,5 = 4 and declines to zero for 0,5 = 42.
For these parameters, the global optimum never occurs in region A4.1.
Now compare the region A4.3 payoff and the region A4.2 payoff:

5., 5 5

6 ¢B—1—6(9¢B—1)=@(9¢B—2)2,

which is positive.
A earns the greatest profit at the local maximum of its payoff function
on region A4.3. A’s best-response quality-adjusted price is therefore

1 1
0{;7;4(9(/53) = 50(/53 for 4 S 0(/53 S 45

This is a straight line connecting (2,4) and (2.1,4.2) in (0,4, 045)-space.

(A5) (1 - ;-g) O+ X40,, < 045 < Oy

(A51) 0 S 9¢A S QLI qa = 1, TA = XA9¢>A

Firm A maximizes its payoff charging the highest price consistent with
being in region A5.1, 0, = 0. A’s payoff is 7% = x40

05 —0, 05 —0,
(A5.2) 0 < g < 20,5— (32 — 1) O1rs qa = S8 g = x 4050 200
The right boundary is the line along which 045 = 04.
T4 = XX—_AXA%A (O — O4) . (124)
B
The first-order condition to maximize (124) is
9H — 26 A = 0, (125)
¢
from which A’s payoff along the first-order condition is
WA:X—_AXA( ) - (126)
B
Solve (125) for
.1
$pA = 591{- (127)
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54 = 30 lies in region A5.2 for

1
0, < =0y < X_Bed)B — (X—B — > On. (128)
2 XA XA

The left-hand inequality is satisfied for
Oy > 207, (129)

If (129) is satisfied, the global maximum of the region A5.2 payoff function
does not lie in region A5.1. If (129) is violated, the global maximum of the
region Ab.2 payoff function lies in region A5.1, and the local maximum of the

region Ab.2 payoff function on region A5.2 is the boundary between regions
A5.1 and A5.2.

The right-hand inequality in (128) is satisfied for

1
=0p < X—Bequ - (ﬁ - ) On
2 XA XA

1
0u ( - §ﬁ> < 040 (130
Region A5 is defined by the inequalities

(1 - M) 0H+&9L < 0Oyp < 0p.

XB XB
If
1
O (1 - —ﬁ) < (1 - ﬁ) Oy + X409, (131)
2Xxp XB XB

then (130) and the right-hand inequality in (128) are satisfied for all 6,5 in
case Ab5.2; the global maximum of the region A5.2 payoff function does not
lie to the right of region A5.2.

35



Rewrite (131) as
1
» (1__&) - (1—ﬂ)eHgﬂ0L
2 Xz X3 X3

1
“Xag < Xag
2Xp XB

0y < 20y, (132)

(132) is the contrary of (129). Except in the borderline case 0y = 26, if
the left-hand inequality in (128) is satisfied, the right-hand inequality is not,
and vice versa.

If (132) is satisfied, the global maximum of firm A’s region A5.2 payoff
function does not lie to the right of region A5.2. If (132) is satisfied, (129) is
violated; the global maximum of firm A’s region A5.2 payoff function lies in
region A5.1 and the local maximum of firm A’s region A5.2 payoff function
is the boundary between region A5.1 and region A5.2, 07,4 = 0.

If (132) is violated, then

1
( —ﬁ> O + X240, §0H< ——X—A) < . (133)
XB XB 2xp
For
1
(1 - &> On + EHL < 0Oyp < 0u (1 - —ﬂ> ) (134)
XB XB 2Xxp

(130) and the right-hand inequality in (128) are violated. The local maxi-
mum of firm A’s region A5.2 payoff function on region A5.2 is the boundary
between region A5.2 and A5.3,

% XB XB
=0, — | = — O 135
o4 XA - <XA ) " ( )

Firm A’s payoff is

3
b*
|

XA XA
(136)

N

XA XB XB
i (e ()
XB — XA \ X4 XA



XA XA
XB XB
_XB (g, _XBg, _¢ 0, — 0 137
xB—xA<H X, ¢B>)<H o) (137)
For
1
eH( _E;C_D < 45 < O, (138)

(130) and the right-hand inequality in (128) are satisfied. The global maxi-
mum of firm A’s region A5.2 payoff function lies within region A5.2.
Hence if (132) is violated

X—BQB—<X—B— >9H i—'j@qu—(X—B— >9H§0¢B§9H<1_%§_2>

* XA 2 XA XA

A —
10, O (1 - %;—;) < Oy < O

(139)

with payoffs

- (9H —&0n - 9¢>B)> (Orr = Opp) LOsp — <§—§ - > On <0sp <0 (1 — %

XB—XA

oA = 1_xa g2 O, (1 =1Xa) <p,.<f
dxp—xa H " 2xp ) =708 =70
(140)

For 0 = x4, =1, 0g = x5 = 5, the global maximum of A’s region A5.2
payoff function is
5

. 1

Region A5.2 is defined by the inequalities

5 5
1:0L39¢A§’;—j9¢3—(’;—j— )91{21%3_5(1_1):5(%3_4)

for 645 in the range % <Oy <5.5 (%) —20=1;5(5) — 20 = 5.
The best response and payoff functions are

. { 505 —4) 42 <045 <43
5

AT 1
i 3 43 <0sp =5
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and

o :{ (5 —04p) (Osp —4) 4% <Osp < 435
PA 2 ..

5 1
I8 45 < Osp <5

respectively.

=
As in the discussion of region (A4.3),

XAXB
(Ou —01) (X5 — Xa

A=

)%A (O — Opa) -
The first-order condition to maximize (141) is
0(/53 - 24) A= 0,
from which firm A’s profit along the first-order condition is

Ty =

XAXB x \2
T —01) (x5 =) o)

Solve (7?) for

*

1
= —0,5.
PA 2 ¢B

074 defined by (144) lies within region A5.3 for

XB XB 1
g — | = =1 )0 < =045 < 04p.
A #B <XA ) H = 50 B

Om—0r,

(141)

(142)

(143)

(144)

(145)

The right-hand inequality is always satisfied. The left-hand inequality is

satisfied for

0XBg o2 (X—B - 1) O < Oy
XA XA
(232 1) on <2 (32 1) o
XA XA
XB __
Oy < 204 XXA
2 ]

38
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Region A5 is defined by the inequalities
(1 - ﬁ) O + QQL < 0Oyp < 0p.
XB XB
The right-hand side of (147) is less than 6:

XB _
eH—20H2XX;_12

XA

Xo 1
(1—222—_1)%:
XA

2X8 1 X8 | 9
XA XA 0, =
2Xe _ | "

XA

1
S} (148)
X
2% 1
If
X
20— < ( - ﬁ) O + 249, (149)
Xa XB XB

the left-hand inequality in (146) is violated for all f4p in <1 — %) Oy +
X460, < Oup < 0Opy.
XB

Rewrite (149) as

Xa
XB

(oo (2o
XB XB XB XB XB

1— Xa
25— g( —ﬂ>eH+X—AeL



XA

XB

=

1

0y < XA (2—ﬁ) 0,
XB XB
XA
_xg 27
X__
e O
X
w6
_Xa —p,.
XB H
1 0,
= <
_xg O
0 1
0y 2 x
H XB

()62
On XB
If (150) is satisfied, the left-hand inequality in (146) is violated for all 65

in region A5 and the local maximum of the region A5.3 payoff function on
region Ab5.3 is the boundary between region A5.2 and region A5.3,

(150)

* XB XB
=205 — [ == — 0 151
o= Do (XA > " (151)
with payoff
XAXB XB XB XB
= 20— | =2 — 0 O, — | =045 —
o4 (O —0L) (x5 — Xa) (XA vy (XA ) H> ( i (XA i (
XAXB XB XB (HH — 9¢B)
= 220 — 220, +0 ) X — X4) ————=
(01 —01) (X5 — Xa) (XA e (s = Xa) X4
—Xs [eH Xng,, em} (152
XA

XB _
XA

)o:))



If (150) is violated, then

Xp
( —&> 9H+QQL§20H2XX;_1 SHH (153)
XB XB XA
For
X X e 1
( —X—A> 9H+—A9L§0¢B§20H2’;;_1, (154)
B XB Xa

the left-hand inequality in (145) is satisfied, the local maximum of the region
A5.3 payoff function lies in region A5.3, A’s best response price is (144) with
payoff (143).

For

XB __

20y ;x; —3 <Oyp <Oy (155)
Xa

the left-hand inequality in (145) is violated, the local maximum of the region
Ab5.3 payoff function lies to the left of region A5.3, A’s payoff-maximizing
price on region A5.3 is the boundary between region A5.3 and region A5.2,

* XB XB
_Xpg (X2 _1)g,, 156
oa =7 bon (XA > H (156)

with payoff (152).
Overall, if (150) is violated,

pa =
1 Xp_
§0¢B (1—;—2) 9H+§—29L §0¢B §29H2>%,1
XB 1
K, — (2 - 1) oy W 3 < O < O
(157)
T =
1 XaX 2 X X XB
1 AXp —Xa X4 XA
T o= Ve (1 XB) O + 200 < by < 291{2%_1
XB
=xg |0 — ’;—j(eg - 9¢B)] 20H# <0y <0y
(158)
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For 6, = x4, =1, 0y = xg = 5, region Ab.3 is defined by the inequalities
5(0sp —4) < 0pa < Oy,

with 045 in the range 4% < 04 < 5 and the global maximum of A’s region
A5.3 payoff function at

qu = —94)3

For the global maximum of the payoff function to lie within the region,
we must have

1
59¢B —20< §9¢>B

100¢B —40 < 9¢>B

90,5 < 40

40 4
Opp < — = 4.
¢B =9 9

The local maxima and payoff functions are

5 n2 1 4
= wilon 45 < bop < 4j
25 0y —4) 4% <045 <5

(A54) 0¢B S 9¢A S 9H3 qa = 0, A = 0.

Firm A’s best-response price would never be found in this region.
Collect results for case A5, 43 < 5 < 5.

A5.10 < 0pa <0p: 05, =1, 7TA—1

A52 6, §6’¢A§5(9¢B— 4)

* _{5(04513_4) 4% 9¢
5

< §4§
o4~ 41 <05 <5

2
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and

A5.35 (055 —4) < Ops < O,

_— 2041 42 <045 < 45
26 5(0sp —4) 43 <Oy <5

2 1 4
= 51065 45 < Opp < 45
25 (045 —4) 4% < 0,5 <5

Compare the best payoff in region A5.1 with payoffs in region A5.2:
On the range 4% < 0, < 43:

25 55 21 24
Z(5-0¢B)(9¢B—4)—1:Z <9¢B_€> (€_0¢B> ZO

On the range 4% < Oup <5:

25
——1>0.
16

Firm A’s best response price is never in region A5.1.
Compare payoffs in regions A5.2 and A5.3:

.4%§0¢B§4%

25 5
T (5—0sp) (Ogp —4) — @923

5 40 2
81 ( 5 9¢B> <0

The payoff in region A5.3 is never less than the payoff in region A5.2, and
in general greater:

- 1
054 (05) = 005

This is a straight line connecting (2.1,4.2) and (22,43) in (0ya,04p)-
space.
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2745 (5= 0sp) (0s5 —4) — 25 (Bpp — 4) =

25 (05 — 4) G (5— 0,5 — 1> _

25
- (Opp —4) (Ogp — 1) <0

For 4% S 9(1)3 S 4%,
O54(058) =5 (O —4) .
This is a straight line connecting (22,44) and (23,43) in (044, 05)-space.

e 41 <045 <5

25
5~ 25 (0sn — 4)

1
=25(4——6
( 16 ¢B) ’
which is negative on the range considered.
For 4% S 9¢>B S 5,

O54(058) =5 (O —4) .

This is a straight line connecting (23,43) and (5,5) in (044, 045)-space.
Summarize results for case Ab:

10 4L < O,p <42 (24,4%) (22
br _ 2/¢B 5 = VB = %y 10° 75 97
O5a(05) { 50— 4) A2 < by <5 (2549 (5

Summarize results for the numerical example for all regions:

A2:

5 4
0257:4(9¢B) = §9¢>B — 2 for g S 0¢B S 1.
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This is a straight line connecting (0, #) and (3, 1) in (644, 045)-space.
A3:

1
=1

2
05, (0s5) = 1 1 2<O;m <2 (1,9
50(153 2 < 0¢B <4 (1, 2)

A4:
1 1
0;7;4(9(/53) = 50(/53 for 4 S 0(/53 S 45

This is a straight line connecting (2,4) and (275,4%) in (044, 045)-space.
Ab:

19 4L < 0,5 <42 (24,4%) (22 42)
br _ 2/¢B 5 = VB = %y 10° 75 91 %9
O5a(0s1) { 5(0ps —4) AL <Byp <5 (22 (5,5)

Combining intervals where possible,

3008 — 2 % <O <5 (0, %) (1,8)

04 (0s) = % 5 = fon < g (1.5) (%’221
? 30 2<0,5 <45 (L,2) (2545)
5(0sp —4) 45 <05 <5 (25,45) (3.43)

4 Equilibrium values

The two reaction functions intersect on the segments

1 XAXB 02
401 —0L) (X — xa) 7

s ]‘ %k
054 (05) = S0ss Ty =

, I ix X
005 (0pa) = 3 [é%A + ( - ﬁ) QH}

1 X5 [XA ( XA) r
g =7 “fga+(1-22)0
B 400 —00) (g —xa) Lxz xs/)

or, for the numerical example,

) 1 5
054(008) = 5008 Th = 205p
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2
055(054) =2+ 1 05 T (0pa) = 2 () + 1 9
¢B 10 ¢B 16 10

Solve the equations of the reaction functions:

1
9(/5142504)3
bon = = | X9, + (1-X4) g
P9 XB 74 XB "
L (xa (1 X
oo =5 (2 (30) + (1-32) )
29¢B_%9¢B+(1—§—2) 0y
XA XA
— 24 10, = _ A4
(25 ) o= (152
_ XA _ Xa
9(/53: QXA HH—2 ZQH
XB XB
_ XA
04),4:4_20[_[.
XB

Evaluate these for the numerical example:

1-4% 40

Opp = 2—=2(5) = —

P 4-%“ 19
20
9¢A:1—9

Solve the numerical versions:

1 1 /1
Opp =2+ —0O44 =2+ — [ =0
B + 10 HA + 10 (2 qu)
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19

2,5 =2
20 8

40 9
0, = — = 92—
6779~ 719
20 1
= —_— = 1—
Ooa 19 19

In general terms, payoffs are

_ XA

= 1 XAaXB 9 XB
AT 400 —00) (xp—xa) \ 42

XB

2
0ixs XA - i_g
(O —01) (x5 — xa) \4— 32

X 2
9 XA A
Oxa \ (X —xa) \4— i_;

XB

= (4xp — Txy) —2L2—
N (4xs — xa)°

which is positive for the values of the numerical example.

W*:l XQB &—1_;_29}]4—(1—&
b 4(9H_0L)(XB_XA) XB4_§_2 XB
X
.1 XB0% Xal=% o
P40 —01) (x5 — Xa) XB4_;_Z,

X 2
1 X504 X g (
P4 0n —01) (xp —xa) \4— 32
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2
. 1 XQBG?{ 4 (1 _ A4
P40 —01) (xp — xa) 4—% XB

XA 2
(O —00) (X —xa) \4— 32
X 2
J X3 -
Oxp \ (xp—xa) \4— 34
X
= (4XB — 3XpXa +2X4) 3
(4xB — xa)

which is positive for the values of the numerical example.
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