
Qrwhv rq wkh Pxvvd0Urvhq gxrsro| prgho

Vwhskhq Pduwlq
Idfxow| ri Hfrqrplfv ) Hfrqrphwulfv

Xqlyhuvlw| ri Dpvwhugdp
Urhwhuvvwuddw 44

434; ZE Dpvwhugdp
Wkh Qhwkhuodqg

Pdufk 5333
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6 Ilup �*v ehvw uhvsrqvh ixqfwlrq 4;

7 Htxloleulxp ydoxhv 78
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4 Ghpdqg

Lq wkh prvw jhqhudo yhuvlrq ri wkh prgho/ ? frqvxphuv xqlirupo| glvwulexwhg
ryhu dwuc wM o/ zkhuh wu � f1 Zlwkrxw orvv ri jhqhudolw|/ qrupdol}h ? ' �1

Ilup � surgxfhv d ydulhw| ri txdolw| ��/ �up � surgxfhv d ydulhw| ri
txdolw| ��> zlwkrxw orvv ri jhqhudolw|/ ohw �� � ��1

Lqglylgxdo xwlolw| ixqfwlrq=

�Ewc �� ' w�� R� +4,

Txdolw|0dgmxvwhg sulfhv=

w�� '
R�
��

+5,

w�� '
R�
��

+6,

Frqvxphuv zlwk w�� � w � wM jhw srvlwlyh qhw xwlolw| ex|lqj iurp �>
frqvxphuv zlwk w�� � w � wM jhw srvlwlyh qhw xwlolw| ex|lqj iurp �> lq
erwk fdvhv/ li wkh lqglfdwhg lqwhuydov h{lvw1

Pdujlqdo xwlolw| ri txdolw| ri wkh frqvxphu zkr uhfhlyhv wkh vdph xwlolw|
ex|lqj iurp � ru �=

w���� � R� ' w���� � R�

w�� '
R� � R�
�� � ��

'
w���� � w����

�� � ��
� +7,

Qrwh wkdw

w�� '
E�� � ��� w�� n Ew�� � w�����

�� � ��

' w�� n Ew�� � w���
��

�� � ��
+8,

Khqfh

w�� � w�� ' Ew�� � w���
��

�� � ��
+9,

dqg

w�� � w�� ', w�� � w�� +:,

w�� � w�� ', w�� � w�� +;,

w�� lv wkh pdujlqdo xwlolw| ri txdolw| ri wkh frqvxphu zkr jhwv wkh vdph
qhw xwlolw| ex|lqj iurp � ru �> qrwklqj uhtxluhv wkdw xwlolw| wr eh srvlwlyh1

6



414 Ilup �

+4, Zkhq zrxog �up � vxsso| wkh hqwluh pdunhwB

w�� � R� � w�� � R� ; w dqg w�� � R� � f ; w

R� � wE�� � ��� � R� ; w dqg w�� � R� ; w

R� � 4�? dR� � wME�� � ���c wu��o

w�� � 4�?

�
��
��

w�� � wM

�
��
��

� �

�
c wu

�
+<,

+5, Zkhq zrxog �up � vhoo qrwklqjB

w�� � wu

��w�� � ��w��
�� � ��

� wu

��w�� � ��w�� � wu E�� � ���

��w�� � wu E�� � ��� � ��w��

��
��

w�� � wu

�
��
��

� �

�
� w��

w�� � w�� ru htxlydohqwo| R� �
��
��
R�> w�� � w�� � w�� ', ^@ ' f>

w�� � wM ', ^@ ' f> khqfh

w�� � 4�?

�
��
��

w�� � wu

�
��
��

� �

�
c w��c wM

�
', ^@ ' f� +43,

Qrupdoo| zh zrxog dxwrpdwlfdoo| olplw dwwhqwlrq wr f � w�� � wM / vr zh
zrxog zulwh

w�� � 4�?

�
��
��

w�� � wu

�
��
��

� �

�
c w��c

�
', ^@ ' f +44,

7



+6, qrz frqvlghu w�� � w��
w�� � w�� ', w�� � w�� � w��
wu � w�� dqg w�� � w�� ru htxlydohqwo| wu�� � R� dqg R� �

��
��
R�>

w�� � w�� ', wu � w�� � w�� � w��/

^� '
�

wM � wu
d4�?Ew��c wM�� w��o � +45,

Wrjhwkhu/ wkh frqglwlrqv duh wu � w�� � w�� ru wu�� � R� �
��
��
R�

+6d, Zkhq lv w�� � wMB

R� � R�
�� � ��

� wM

R� � R� � wME�� � ���

R� � wME�� � ��� � R�

Vlqfh zh douhdg| uhtxluh wu�� � R� �
��
��
R�/ wkh ryhudoo frqglwlrq iru

w�� � wM dqg

^� '
�

wM � wu
Ew�� � w���

lv

4@ dwu��c R� � wME�� � ���o � R� �
��
��

R� +46,

H{suhvvhg lq whupv ri txdolw|0dgmxvwhg sulfhv

4@ 

�
wuc

��
��

�
R�
��

�
� wM

�
��
��

� �

��
�

R�
��

�
R�
��

4@ 

�
wuc

��
��

w�� � wM

�
��
��

� �

��
� w�� � w��� +47,

+6e, R� � R� � wME�� � ��� ', wM � w��
Vlqfh zh douhdg| uhtxluh wu�� � R� �

��
��
R�/ wkh ryhudoo frqglwlrq lv

wu�� � R� � 4�?

�
��
��

R�c R� � wME�� � ���

�
+48,

8



ru/ h{suhvvhg lq whupv ri txdolw|0dgmxvwhg sulfhv/

wu � w�� � 4�?

�
w��c

��
��

w�� � wM

�
��
��

� �

��
c +49,

dqg iru R�2w�� lq wklv udqjh/

^� '
wM � w��
wM � wu

�� +4:,

Zkhq lv

��
��

w�� � wM

�
��
��

� �

�
� w��

�
��
��

� �

�
w�� � wM

�
��
��

� �

�

w�� � wM

vr frqglwlrq uhgxfhv wr

wu � w�� �
��
��

w�� � wM

�
��
��

� �

�
� +4;,

+7, Qrz frqvlghu w�� � w��/ w�� � wu/ w�� � 4@ 
k
fc ��

��
w�� � wM

�
��
��
� �

�l
w�� � w�� ', w�� � w�� � w�� +dv ehiruh,> � vhoov iurp wu wr

4�? Ew��c wM�/

^� '
�

wM � wu
d4�? Ew��c wM�� wuo � +4<,

Zh nqrz wkdw w�� � wM iru

R� � wME�� � ��� � R�

ru/ lq whupv ri txdolw|0dgmxvwhg sulfhv/

��
��

w�� � wM

�
��
��

� �

�
� w��(

exw wkh odwwhu lv vdwlv�hg e| dvvxpswlrq lq wkh uhjlrq xqghu frqvlghudwlrq>
khqfh

^� '
w�� � wu
wM � wu

� +53,

9



Vxppdu|=

^� '

;AAAA?
AAAA=

� f � w�� � wuc w�� � w��
wM3w��
wM3wu

��
��
w�� n wM

�
�� ��

��

�
� w�� � wM c w�� � wu

w��3w��
wM3wu

w�� � w�� �
��
��
w�� n wM

�
�� ��

��

�
c w�� � wu

f w�� � w��

+54,

415 Ilup �

Zkhq zrxog �up � vxsso| wkh hqwluh pdunhwB

w�� � R� � w�� � R� ; w dqg w�� � R� � f ; w

ru

w E�� � ��� n R� � R� ; w dqg w�� � R� ; w

wu E�� � ��� n R� � R� dqg wu�� � R�

wu

�
��

��
��

�
n
��
��

R�
��

�
R�
��

dqg wu �
R�
��

wu

�
��

��
��

�
n
��
��

w�� � w�� dqg wu � w��

Wkh frqglwlrq iru �up � wr vxsso| wkh hqwluh pdunhw lv

w�� � 4�?

�
wuc wu

�
��

��
��

�
n
��
��

w��

�
+55,

Dqg li ^� ' � lq wklv uhjlrq/ ^� ' f1
Qrwh= dqrwkhu zd| wr lqwhusuhw wkh frqglwlrq

w�� � wu

�
��

��
��

�
n
��
��

w��

lv dv ehlqj ghulyhg iurp

w�� � wu

:



R� � R�
�� � ��

� wu

R� � R� n wuE�� � ���

Frqvlghu wkh olqh

w�� ' wu

�
��

��
��

�
n
��
��

w��

Li w�� ' f/ w�� ' wu

�
�� ��

��

�
1 Li w�� ' wu/ w�� ' wu1

Khqfh wkh olqh w�� ' wu
�
�� ��

��

�
n��
��
w�� frqqhfwv wkh srlqwv

�
fc
�
�� ��

��

��
dqg Ewuc wu�1

Zkhq zrxog �up � vhoo qrwklqjB

w�� � R� � f ; w

w�� � R� ; w

w �
R�
��

; w

wM �
R�
��

wM � w�� +56,

^� dovr htxdov }hur li w�� � wM =

R� � R�
�� � ��

� wM

R� � R�
�� � ��

� wM

R� � R� n wME�� � ���

R�
��

�
��
��

R�
��

n wM

�
��

��
��

�

;



w�� �
��
��

w�� n wM

�
��

��
��

�
+57,

Dv ehiruh/ wkh olqh w�� ' ��
��
w�� � wM

�
��
��
� �

�
frqqhfwv wkh srlqwv�

fc wM
�
�� ��

��

��
dqg EwM c wM� +qrz wklqnlqj lq whupv ri Ew��c w���0vsdfh,1

Zkdw derxw wu � w�� � w�� � wMB w�� � w�� ', w�� � w�� � w��1>
wkhq

^� '
�

wM � wu
EwM �4@ Ew��c wu�� '

wM � w��
wM � wu

+58,

Zkdw derxw wu � w��/ w�� � w�� �
��
��
w�� n wM

�
�� ��

��

�
B

w�� � w�� ', w�� � w�� � w��> e| lwv ghulydwlrq/ iru w�� �
��
��
w�� n

wM
�
�� ��

��

�
/ w�� � wM > khqfh

^� '
�

wM � wu
EwM � w��� +59,

Ilqdo uhjlrq= wu
�
�� ��

��

�
n ��

��
w�� � w�� � wu �

��
��
w�� n wM

�
�� ��

��

�
/

f � w�� � wu1

E| lwv ghulydwlrq/ wu
�
�� ��

��

�
n ��

��
w�� � w�� ', w�� � wu> vr w�� �

wu � w��1
Khqfh dovr

^� '
wM � w��
wM � wu

� +5:,

5 Ilup �*v ehvw uhvsrqvh ixqfwlrq

Ilup �*v sd|r� pxvw dqdo|}hg iru wzr udqjhv ri w��/ f � w�� � wu dqg
wu � w�� � wM 1

+E4, f � w�� � wu1 Wkh txdqwlw| ghpdqghg ri �up � lv

^�

;AAA?
AAA=

� f � w�� �
��
��
w�� n

�
�� ��

��

�
wu

wM3w��
wM3wu

��
��
w�� n

�
�� ��

��

�
wu � w�� �

��
��
w�� n

�
�� ��

��

�
wM

f ��
��
w�� n

�
�� ��

��

�
wM � w�� � wM

+5;,

<



+E414, ^� ' �/ Z� ' R�^� ' ��w��^� ' ��w��1 Wkh orfdo pd{lpxp ri
�*v sd|r� ixqfwlrq rffxuv zkhq � pdnhv w�� dv odujh dv srvvleoh frqvlvwhqw
zlwk ehlqj zlwklq wkh olplwv wkdw gh�qh uhjlrq E414/ wkdw lv/

wW�� '
��
��

w�� n

�
��

��
��

�
wu� +5<,

+E415, ^� ' wM3w��
wM3wu

/ Z� ' R�^� ' ��w��
wM3w��
wM3wu

' ��
wM3wu

w��

�
wM �

��w��3��w��
��3��

�
�

Wkh joredo pd{lpxp ri wkh uhjlrq E1415 sd|r� ixqfwlrq rffxuv dw

wM �
2��w�� � ��w��

�� � ��
� fc +63,

dqg iru w�� gh�qhg e| wklv �uvw0rughu frqglwlrq

Z� '
��

EwM � wu� E�� � ���
w2��� +64,

Vroyh wkh �uvw0rughu frqglwlrq iru

wW�� '
�

2

�
��
��

w�� n

�
��

��
��

�
wM

�
� +65,

wW�� olhv zlwklq uhjlrq E1415 li

��
��

w�� n

�
��

��
��

�
wu � wW�� �

��
��

w�� n

�
��

��
��

�
wM � +66,

Li wklv lqhtxdolw| lv vdwlv�hg/ wkh joredo pd{lpxp ri wkh E1415 sd|r�
ixqfwlrq olhv zlwklq uhjlrq E1415 dqg/ ehfdxvh wkh E1415 sd|r� ixqfwlrq lv d
sduderod/ wW�� lv �up �*v ehvw uhvsrqvh sulfh1

Wkh uljkw0kdqg lqhtxdolw| lv dozd|v vdwlv�hg1 Wkh frqglwlrq iru wkh ohiw0
kdqg lqhtxdolw| wr eh vdwlv�hg lv

��
��

w�� n

�
��

��
��

�
wu �

�

2

�
��
��

w�� n

�
��

��
��

�
wM

�
+67,

2
��
��

w�� n 2

�
��

��
��

�
wu �

��
��

w�� n

�
��

��
��

�
wM

��
��

w�� n 2

�
��

��
��

�
wu �

�
��

��
��

�
wM
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��
��

w�� �

�
��

��
��

�
EwM � 2wu�

w�� �

�
��
��

� �

�
EwM � 2wu� +68,

Uhpdun 4= li wM 	 2wu/ wkh uljkw0kdqg vlgh ri +68, lv qhjdwlyh dqg wkh
joredo pd{lpxp ri wkh E415 uhjlrq sd|r� ixqfwlrq olhv lq uhjlrq E414> wkh
orfdo pd{lpxp ri wkh E415 uhjlrq sd|r� ixqfwlrq lq uhjlrq E415 rffxuv dw
wkh erxqgdu| ehwzhhq uhjlrq E414 dqg uhjlrq E415/ dqg wklv lv �up �*v ehvw
uhvsrqvh sulfh=

wKo��Ew��� '
��
��

w�� n

�
��

��
��

�
wu� +69,

Uhpdun 5= zh duh frqvlghulqj wkh fdvh f � w�� � wu1 Li

wu �

�
��
��

� �

�
EwM � 2wu� c +6:,

wkhq wkh ohiw0kdqg lqhtxdolw| lq +66, lv dozd|v vdwlv�hg iru fdvh E4/ wkh joredo
pd{lpxp ri wkh uhjlrq E415 sd|r� ixqfwlrq olhv lq uhjlrq E415 dqg lv/ e|
wkh vkdsh ri wkh sd|r� ixqfwlrq/ �up �*v ehvw uhvsrqvh sulfh1

+6:, fdq eh uhzulwwhq

� �

�
��
��

� �

��
wM
wu
� 2

�
� +6;,

+6;, lv vdwlv�hg li ��*�� dqg wM*wu duh erwk vx!flhqwo| odujh � li txdo0
lwlhv duh vx!flhqwo| gl�huhqw dqg suhihuhqfhv +pdujlqdo xwlolwlhv ri lqfrph,
vx!flhqwo| glyhuvh1

Li

f �

�
��
��

� �

��
wM
wu
� 2

�
� �c +6<,

wkhq +67, lv vdwlv�hg iru

f � w�� �

�
��
��

� �

�
EwM � 2wu� c +73,

dqg ryhu wklv udqjh �up �*v ehvw0uhvsrqvh sulfh lv +65,

wKo��Ew��� '
�

2

�
��
��

w�� n

�
��

��
��

�
wM

�
(

44



zkloh iru �
��
��

� �

�
EwM � 2wu� � w�� � wuc +74,

+67, lv ylrodwhg dqg �up �*v ehvw uhvsrqvh sulfh lv jlyhq e| +69,

wKo��Ew��� '
��
��

w�� n

�
��

��
��

�
wu�

+E416, ^� ' f/ Z� ' f> �*v ehvw uhvsrqvh sulfh qhyhu olhv lq wklv udqjh1
Iru wu ' �� ' �/ wM ' �� ' D/�

��
��

� �

��
wM
wu
� 2

�
'

�
D

�
� �

��
D

�
� 2

�
' �2 : �

Iru wkhvh sdudphwhu ydoxhvwW�� ' �
2

k
��
��
w�� n

�
�� ��

��

�
wM
l

f � w�� � � ', wKo��Ew��� '
�

2

�
�

D
w�� n

�
��

�

D

�
D

�
' 2 n

�

�f
w���

+E5, wu � w�� � wM 1 Wkh txdqwlw| ghpdqghg ri �up � lv

^�

;AAAA?
AAAA=

� f � w�� � wu
wM3w��
wM3wu

wu � w�� � w��
wM3w��
wM3wu

w�� � w�� �
��
��
w�� n

�
�� ��

��

�
wM

f ��
��
w�� n

�
�� ��

��

�
wM � w�� � wM

� +75,

+E514, f � w�� � wu
^� ' �/ Z� ' R�^� ' ��w��^� ' ��w��1 Wkh orfdo pd{lpxp ri �*v

sd|r� ixqfwlrq rffxuv zkhq � pdnhv w�� dv odujh dv srvvleoh frqvlvwhqw zlwk
ehlqj zlwklq wkh olplwv wkdw gh�qh uhjlrq E514/ wkdw lv/

wW�� ' wu� +76,

Iru wu ' �� ' �/ wM ' �� ' D/ wkh orfdo pd{lpxp sd|r� rq uhjlrq E514
lv

ZW� ' ��w
W

��^� ' DE��E�� ' D�

+E515, wu � w�� � w��

45



^� '
wM3w��
wM3wu

/ Z� ' R�^� ' ��w��
wM3w��
wM3wu

' ��
wM3wu

w�� EwM � w���1

Z� '
��

wM � wu
w�� EwM � w���

lv d sduderod zlwk ydoxh 3 dw w�� ' fc wM dqg joredo pd{lpxp ri wkh uhjlrq
E1515 sd|r� ixqfwlrq rffxuv dw

wW�� '
�

2
wM c +77,

dqg iru w�� gh�qhg e| wklv �uvw0rughu frqglwlrq �up �*v sd|r� lv

Z� '
�

e

��
wM � wu

w2M � +78,

+77, olhv lq wkh udqjh wkdw gh�qhv uhjlrq E515 li

wu �
�

2
wM � w��� +79,

Li

wM � 2wuc +7:,

wkh ohiw0kdqg lqhtxdolw| lq +79, idlov/ wkh joredo pd{lpxp ri wkh uhjlrq E515
sd|r� ixqfwlrq olhv lq uhjlrq E514 dqg wkh orfdo pd{lpxp ri wkh uhjlrq E515
sd|r� ixqfwlrq rq uhjlrq E515 lv wkh erxqgdu| ehwzhhq uhjlrq E515 dqg
uhjlrq E514/ wW�� ' wu/ +76,1

Li wM � 2wu/ wkh orfdo pd{lpxp ri wkh uhjlrq E515 sd|r� ixqfwlrq rq
uhjlrq E515 lv

wW�� '

�
wu wu � w�� �

�
2
wM

�
2
wM

�
2
wM � w�� � wM

+7;,

zlwk fruuhvsrqglqj sd|r�

ZW� '

�
��wu wu � w�� �

�
2
wM

�
e

��
wM3wu

w2M
�
2
wM � w�� � wM

+7<,

Iru wu ' �� ' �/ wM ' �� ' D/ orfdo pd{lpd dqg orfdo pd{lpxp sd|r�v
rq uhjlrq E515 duh

wW�� '

�
� � � w�� �

D
2

D
2

D
2
� w�� � D
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ZW� '

�
D � � w�� �

D
2

�
e

D
D3e

ED�2 ' �2D
e

D
2
� w�� � D

�

+E516, w�� � w�� �
��
��
w�� n

�
�� ��

��

�
wM

^� ' wM3w��
wM3wu

/ Z� ' R�^� ' ��w��
wM3w��
wM3wu

' ��
wM3wu

w��
�
wM �

��w��3��w��
��3��

�
�

Wkh joredo pd{lpxp ri wkh uhjlrq E1516 sd|r� ixqfwlrq rffxuv dw

wM �
2��w�� � ��w��

�� � ��
� fc +83,
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